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Abstract: In this paper, the oscillatory behaviour of the first order non-linear delay 

differential equation  𝑥′(t) + q(t)f(x(τ(t))) = 0, t ≥ 𝑡0, where q, τ ϵ C{[ 𝑡0, ∞),[0,∞)}, τ(t) < t, 

such that lim
𝑡→∞

𝜏(𝑡) = ∞ is studied. 
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1. Introduction 

Consider the non-linear delay differential equation 𝑥′(t) + q(t)f(x(τ(t))) = 0 , t ≥ 𝑡0 ,       (1.1) 

where q, τ ϵ C{[ 𝑡0, ∞),[0,∞)}, τ(t) < t, such that lim
𝑡→∞

𝜏(𝑡)  =  ∞ , f ϵ C(R ,R ) and xf(x) > 0 

for x ≠ 0 and M = lim
𝑥→0

𝑥

𝑓(𝑥)
 <  ∞. A solution of (1.1) is said to be oscillatory, if it has 

arbitrarily large zeroes. Otherwise, it is called non oscillatory. 

Oscillation and delay phenomena appear in various models from real-world applications. 

See, [8,9] for models from mathematical biology, where oscillation and delay actions may be 

formulated by means of cross-diffusion terms. In particular, the oscillation of first order delay 

differential equations has attracted the attention of many mathematicians. 

Braverman and Karpuz [4] state that the classic condition for the oscillation of (1.1) in 

monotone delay case is 

lim
𝑡→∞

 𝑠𝑢𝑝 ∫ 𝑞(𝑢) 𝑑𝑢
𝑡

𝜏(𝑡)
 > 1,                                                                                              (1.2) 

is not applicable for the non-monotone case in general. This highlights the importance of 

obtaining necessary and/or sufficient conditions for the oscillation of the general form (1.1). 

In [1–3, 7] sharp oscillatory condition that improves (1.2) is obtained for a particular class of 

(1.1) with coefficients enjoying the slowly varying property. In this work, we obtain new 

sufficient criteria for the oscillation of (1.1) when τ is not assumed to be monotone and q 

need not to be of slowly varying type. 
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We assume the existence of a non-decreasing continuous function h(t) such that τ(t) ≤ h(t) < t 

for all t ≥ 𝑡0. Also ,let σ(t) = sup
𝑢 ≤ 𝑡

𝜏(𝑢) , t ≥ 𝑡0.                                                              (1.3) 

We also assume that λ(β)  is the smaller real root of the equation λ = 𝑒𝛽𝜆 , 

∆(u) = 
1 − 𝑢 − √1 − 2𝑢 − 𝑢2

2
 , 0 ≤ u ≤ 

1

𝑒
 ,                                                                                    (1.4) 

k = lim inf
𝑡 → ∞

∫ 𝑞(𝑢) 𝑑𝑢
𝑡

𝜏(𝑡)
 ≤ 

1

𝑒
 , 

𝑘∗ = lim inf
𝑡 → ∞

∫ 𝑞(𝑢) 𝑑𝑢
𝑡

ℎ(𝑡)
 , 

 ρ = {
1,    𝑘∗ =  0

𝜆(𝑘∗)  −  𝜀, 𝑘∗ > 0, 𝜀 𝜖 ( 0 , 𝜆(𝑘∗))  
                                                                       (1.5) 

and 𝐿∗  =  lim
𝑡→∞

 𝑠𝑢𝑝 ∫ 𝑞(𝑢) 𝑑𝑢
𝑡

ℎ(𝑡)
. 

Therefore, in this paper, we derive new iterative type oscillation criteria.  

2. Preliminary Results 

We use the following theorem and lemmas for our main results. 

Theorem 2.1: (See [6], Theorem 2.1) 

Suppose τ(t) is non – monotone or non – decreasing function , h(t) is non decreasing and  

τ(t) ≤ h (t) for all t ≥ 0. 

Suppose that the function f in (1.1) satisfies the following condition, 

lim
𝑥 →0

sup
𝑥

𝑓(𝑥)
 = M, 0 ≤ M < ∞ and                                                                       (2.1)        

if lim
𝑡 →∞

inf ∫ 𝑞(𝑠)𝑑𝑠 
𝑡

𝜏(𝑡)
> 

𝑀

𝑒
  holds,                                                 (2.2)             

then all solutions of (1.1) oscillate.                                                                           

Lemma 2.1: (See [6])   

Let x(t) be an eventually positive solution of (1.1). Then, 

                    
𝑥(ℎ(𝑡))

𝑥(𝑡)
  ≥  ρ, for all sufficiently large t                                                              (2.3) 

where ρ is defined by (1.4). 

Lemma 2.2:  (See [5]) 

Assume that x(t) is an eventually positive solution of (1.1) .Then , 



 
Received: 16-09-2024         Revised: 05-10-2024 Accepted: 02-11-2024 

 

 2004 Volume 48 Issue 4 (November 2024) 

https://powertechjournal.com 

 

     lim
𝑡→∞

 𝑖𝑛𝑓
𝑥(𝑡)

𝑥(ℎ(𝑡))
  ≥ ∆(k*). 

Lemma 2.3: 

Assume that x(t) is a solution of (1.1) and n is a positive integer. Then, 

               x(h(t)) ≥ x(t) + ∑
𝑥(ℎ𝑖(𝑡)) 

𝑀𝑖  𝑄𝑖
𝑛𝑛−1

𝑖=1 (t) +  
x(ℎ𝑛(t)) 

𝑀𝑛 𝑄̅𝑛
𝑛(t) ,                                            (2.4) 

where 

𝑄𝑖
𝑛(t) = ∫ 𝑞(𝑢1)

𝑡

ℎ(𝑡)
  ∫ 𝑞(𝑢2)

ℎ(𝑡)

𝜏(𝑢1)
 … ∫ 𝑞(𝑢𝑖)

ℎ𝑖−1(𝑡)

𝜏(𝑢𝑖−1)
 d𝑢𝑖 d𝑢𝑖−1… d𝑢1,   i = 1,2,…n-1 

and  

𝑄̅𝑛
𝑛(t) = ∫ 𝑞(𝑢1)

𝑡

ℎ(𝑡)
 ∫ 𝑞(𝑢2)

ℎ(𝑡)

𝜏(𝑢1)
 …∫ 𝑞(𝑢𝑛)

ℎ𝑛−1(𝑡)

𝜏(𝑢𝑛−1)
 𝑒

∫
𝑞(𝑢𝑛+1)

𝑀

𝑥(𝜏(𝑢𝑛+1))

𝑥(𝑢𝑛+1)

ℎ𝑛(𝑡)

𝜏(𝑢𝑛)
𝑑𝑢𝑛+1𝑑𝑢𝑛 𝑑𝑢𝑛−1 .. 𝑑𝑢1. 

Proof: 

Let us first consider the linear delay differential equation of the form      

                                        x'(t) + q(t)(x(τ(t))) = 0, t ≥ t0 > 0 ,                                                  (2.5) 

where q and τ are continuous on [ t0 ,∞ ), t0 > 0 , q(t) ≥  0 and lim
𝑡→∞

𝜏(𝑡) = ∞ and f ϵ C(R,R), 

If there exists a non-oscillatory solution x(t) of (1.1) , then -x(t) is also a solution of (1.1).The 

discussion is confined only to the case where the solution is eventually positive. Then there 

exists a t1 > t0 such that x(t), x(τ(t)) > 0, for all t ≥ t1. 

Thus from (1.1), we have  𝑥′ (t) = - q(t) f (x(𝜏(t )) ) ≤  0   for all t ≥ t1. It means that x(t) is 

nonincreasing and has a limit ℓ ≥ 0 as t → ∞. 

Now we claim that ℓ = 0. Condition (2.2) implies that  

  ∫ 𝑞(𝑡) 𝑑𝑡
∞

𝑎
 = ∞.                                                                                                                                                                                            

By [1, Theorem 3.1.5], we obtain lim
𝑡 →∞

x(t) = 0. Suppose M > 0. 

Then, in view of (2.1) we can choose t2 > t1 so large that  

f(x(t)) ≥  
1

M
 x(t) for t ≥ t2.                                                                                                       (2.6) 

On the other hand,we know from Lemma 2.1.1 [6], that 

   lim inf
𝑡→∞

∫ 𝑞(𝑠)𝑑𝑠
𝑡

ℎ(𝑡)
 = lim inf

𝑡→∞
∫ 𝑞(𝑠)𝑑𝑠

𝑡

𝜏(𝑡)
.                                                           (2.7) 

Since τ(t) ≤ h(t) and z(t) is non increasing , by (1.1) we have                                            

    x'(t) + q(t) ( 
1

M
 x(τ(t))) ≤ 0 ,  t ≥  t3                                                                                     (2.8)                  

Integrating (2.8)  from h(t) to t ,we have 
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∫ x′(𝑢1)
𝑡

ℎ(𝑡)
d𝑢1 + ∫

𝑞(𝑢1)

𝑀

𝑡

ℎ(𝑡)
 x(τ(𝑢1))𝑑𝑢1 ≤ 0, 

x(t) – x(h(t)) + ∫
𝑞(𝑢1)

𝑀

𝑡

ℎ(𝑡)
 x(τ(𝑢1))𝑑𝑢1  ≤ 0.                                                                         (2.9) 

Again integrating (2.8) from τ(v) to h(t), v ≤ t, it follows that 

x(h(t)) – x(τ(v)) + ∫
𝑞(𝑢2)

𝑀

h(t)

τ(v)
 x( τ(𝑢2))𝑑𝑢2 ≤ 0. 

Replacing v by 𝑢1, 

x(h(t)) – x(τ(𝑢1)) + ∫
𝑞(𝑢2)

𝑀

h(t)

τ(𝑢1)
 x( τ(𝑢2))𝑑𝑢2 ≤ 0.                                                              (2.10) 

Substituting (2.10) in (2.9) 

x(t) – x(h(t)) + ∫
𝑞(𝑢1)

𝑀

𝑡

ℎ(𝑡)
 { x(h(t)) + ∫

𝑞(𝑢2)

𝑀

h(t)

τ(𝑢1)
 x( τ(𝑢2))𝑑𝑢2} 𝑑𝑢1 ≤ 0 

x(t) – x(h(t)) +∫
𝑞(𝑢1)

𝑀

𝑡

ℎ(𝑡)
 x(h(t)) 𝑑𝑢1+ ∫

𝑞(𝑢1)

𝑀

𝑡

ℎ(𝑡)
 ∫

𝑞(𝑢2)

𝑀

h(t)

τ(𝑢1)
 x( τ(𝑢2))𝑑𝑢2 𝑑𝑢1 ≤ 0 

x(t) – x(h(t)) + 
x(h(t)) 

𝑀
∫ 𝑞(𝑢1)

𝑡

ℎ(𝑡)
 𝑑𝑢1+ 

1

𝑀2 ∫ 𝑞(𝑢1)
𝑡

ℎ(𝑡)
𝑞(𝑢2)x( τ(𝑢2))𝑑𝑢2 𝑑𝑢1 ≤ 0          (2.11) 

We note that τ(v) ≤ ℎ2(𝑡) , 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑣 ≤ h(t). 

Here integrating (2.8) from τ(v) to ℎ2(𝑡),we obtain 

We obtain 

 ∫ x′(𝑢3) 𝑑
ℎ2(𝑡)

τ(v)
𝑢3 + ∫

𝑞(𝑢3)

𝑀

ℎ2(𝑡)

τ(v)
 x( τ(𝑢3))𝑑𝑢3 ≤ 0, 

x(ℎ2(𝑡)) – x(τ(v)) + ∫
𝑞(𝑢3)

𝑀

ℎ2(𝑡)

τ(v)
 x( τ(𝑢3))𝑑𝑢3 ≤ 0, 

x(τ(v)) ≥ x(ℎ2(𝑡)) + ∫
𝑞(𝑢3)

𝑀

ℎ2(𝑡)

τ(v)
 x( τ(𝑢3))𝑑𝑢3, 

Replacing v by u2, 

x(τ(u2)) ≥ x(ℎ2(𝑡)) + ∫
𝑞(𝑢3)

𝑀

ℎ2(𝑡)

τ(𝑢2)
 x( τ(𝑢3))𝑑𝑢3,                                                                (2.12) 

Substituting (2.12) in (2.11), 

x(t) – x(h(t)) + 
x(h(t)) 

𝑀
 ∫ 𝑞(𝑢1)

𝑡

ℎ(𝑡)
 𝑑𝑢1+ 

1

𝑀2 ∫ 𝑞(𝑢1)
𝑡

ℎ(𝑡)
 ∫ 𝑞(𝑢2)

h(t)

τ(𝑢1)
 { x(ℎ2(𝑡)) + 

                                 ∫
𝑞(𝑢3)

𝑀

ℎ2(𝑡)

τ(𝑢2)
 x( τ(𝑢3))𝑑𝑢3} 𝑑𝑢2 ≤ 0, 
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x(t) – x(h(t)) + 
x(h(t))

𝑀
∫ 𝑞(𝑢1)

𝑡

ℎ(𝑡)
 𝑑𝑢1+ 

x(ℎ2(𝑡)) 

𝑀2  ∫ 𝑞(𝑢1)
𝑡

ℎ(𝑡)
 𝑑𝑢1 ∫ 𝑞(𝑢2)

h(t)

τ(𝑢1)
 𝑑𝑢2 

                                + 
1

𝑀3 ∫ 𝑞(𝑢1)
𝑡

ℎ(𝑡)
 ∫ 𝑞(𝑢2)

h(t)

τ(𝑢1) ∫ 𝑞(𝑢3)
ℎ2(𝑡)

τ(𝑢2)
 x( τ(𝑢3)) 𝑑𝑢3 𝑑𝑢2𝑑𝑢1 ≤ 0 

x(h(t) ≥ x(t) + ∑
𝑥(ℎ𝑖(𝑡)

𝑀𝑖
𝑛−1
𝑖=1 ∫ 𝑞(𝑢1)

𝑡

ℎ(𝑡)
 ∫ 𝑞(𝑢2)

h(t)

τ(𝑢1) ∫ 𝑞(𝑢3)
ℎ2(𝑡)

τ(𝑢2)
… 𝑑𝑢𝑖 𝑑𝑢𝑖−1. . . 𝑑𝑢1 

                 +
1

𝑀𝑛 ∫ 𝑞(𝑢1)
𝑡

ℎ(𝑡)
 ∫ 𝑞(𝑢2)

h(t)

τ(𝑢1)
 . . . ∫ 𝑞(𝑢𝑛)

ℎ𝑛−1(𝑡)

τ(𝑢𝑛−1)
 x( τ(𝑢𝑛)) 𝑑𝑢𝑛 𝑑𝑢𝑛−1. . . 𝑑𝑢1     (2.13) 

Dividing both sides of (2.8) by x(t) , where t is sufficiently large, and then integrating from 

τ(v)  to ℎ𝑛(𝑡),we get 

∫
𝑥′(𝑢𝑛+1)

𝑥(𝑢𝑛+1)

ℎ𝑛(𝑡)

τ(v)
 d𝑢𝑛+1 + ∫

𝑞(𝑢𝑛+1)

𝑀

ℎ𝑛(𝑡)

τ(v)
 
𝑥(𝜏(𝑢𝑛+1))

𝑥(𝑢𝑛+1)
 𝑑𝑢𝑛+1 ≤ 0 

ln 
𝑥(𝜏(𝑣))

𝑥(ℎ𝑛(𝑡))
  ≥ ∫

𝑞(𝑢𝑛+1)

𝑀

ℎ𝑛(𝑡)

τ(v)
 
𝑥(𝜏(𝑢𝑛+1))

𝑥(𝑢𝑛+1)
 𝑑𝑢𝑛+1, 

𝑥(𝜏(𝑣) ≥ 𝑥(ℎ𝑛(𝑡))𝑒
∫

𝑞(𝑢𝑛+1)

𝑀

ℎ𝑛(𝑡)

τ(v)
 
𝑥(𝜏(𝑢𝑛+1))

𝑥(𝑢𝑛+1)
 𝑑𝑢𝑛+1                                                                      

Replacing v by un, 

𝑥(𝜏(𝑢𝑛  ) ≥ 𝑥(ℎ𝑛(𝑡)) 𝑒
1

𝑀
∫ 𝑞(𝑢𝑛+1)

ℎ𝑛(𝑡)

τ(𝑢𝑛 )
 
𝑥(𝜏(𝑢𝑛+1))

𝑥(𝑢𝑛+1)
 𝑑𝑢𝑛+1      

                                                            (2.14) 

Substituting (2.14) in (2.13) , 

x(h(t) ≥ x(t)+∑
𝑥(ℎ𝑖(𝑡))

𝑀𝑖
𝑛−1
𝑖=1 ∫ 𝑞(𝑢1)

𝑡

ℎ(𝑡) ∫ 𝑞(𝑢2)
h(t)

τ(𝑢1) ∫ 𝑞(𝑢3)
ℎ2(𝑡)

τ(𝑢2)
…∫ 𝑞(𝑢𝑖)

ℎ𝑖−1(𝑡)

τ(𝑢𝑖−1)
𝑑𝑢𝑖 𝑑𝑢𝑖−1. . . 𝑑𝑢1    

+
𝑥(ℎ𝑛(𝑡))

𝑀𝑛 ∫ 𝑞(𝑢1)
𝑡

ℎ(𝑡) ∫ 𝑞(𝑢2)
h(t)

τ(𝑢1)
 . . . ∫ 𝑞(𝑢𝑛)

ℎ𝑛−1(𝑡)

τ(𝑢𝑛−1)
𝑒

∫
𝑞(𝑢𝑛+1)

𝑀

ℎ𝑛(𝑡)

τ(𝑢𝑛 )
 
𝑥(𝜏(𝑢𝑛+1))

𝑥(𝑢𝑛+1)
 𝑑𝑢𝑛+1      

𝑑𝑢𝑛 𝑑𝑢𝑛−1. . . 𝑑𝑢1 

Let 𝑄𝑖
𝑛(t) = ∫ 𝑞(𝑢1)

𝑡

ℎ(𝑡)
  ∫ 𝑞(𝑢2)

ℎ(𝑡)

𝜏(𝑢1)
 … ∫ 𝑞(𝑢𝑖)

ℎ𝑖−1(𝑡)

𝜏(𝑢𝑖−1)
 d𝑢𝑖 d𝑢𝑖−1… d𝑢1,   i = 1,2,…n-1 

 𝑄̅𝑛
𝑛(t) = ∫ 𝑞(𝑢1)

𝑡

ℎ(𝑡) ∫ 𝑞(𝑢2)
ℎ(𝑡)

𝜏(𝑢1)  … ∫ 𝑞(𝑢𝑛)
ℎ𝑛−1(𝑡)

𝜏(𝑢𝑛−1)  𝑒
∫

𝑞(𝑢𝑛+1)

𝑀

𝑥(𝜏(𝑢𝑛+1))

𝑥(𝑢𝑛+1)

ℎ𝑛(𝑡)

𝜏(𝑢𝑛) 𝑑𝑢𝑛+1𝑑𝑢𝑛𝑑𝑢𝑛−1 … 𝑑𝑢1, 

then we have , 

x(h(t) ≥ x(t) + ∑
𝑥(ℎ𝑖(𝑡)

𝑀𝑖
𝑛−1
𝑖=1 𝑄𝑖

𝑛(t) + 
𝑥(ℎ𝑛(𝑡) 

𝑀𝑛  𝑄̅𝑛
𝑛(t) proving (2.4). 

This completes the proof. 

Lemma 2.4: 

Assume that x(t) is an eventually positive solution of (1.1) and let 𝜙 = lim inf
𝑡→∞

𝑥(𝑡)

𝑥(ℎ(𝑡))
. 
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Then 

 lim sup
𝑡→∞

(∑
𝑥(ℎ𝑖(𝑡))

𝑥(ℎ(𝑡))
𝑛
𝑖=1 𝑄𝑖

𝑛(t)) ≤ 𝑀𝑛[1 – 𝜙]. 

Proof: 

Using Lemma 2.1 and (2.4),we get 

 x(t) – x(h(t)) + ∑
𝑥(ℎ𝑖(𝑡)) 

𝑀𝑖  𝑄𝑖
𝑛𝑛

𝑖=1 (t) ≤ 0. 

Dividing by x(h(t)) , 

𝑥(𝑡)

𝑥(ℎ(𝑡))
 – 1 + ∑

𝑥(ℎ𝑖(𝑡))

𝑀𝑖x(h(t))
 𝑄𝑖

𝑛𝑛
𝑖=1 (t) ≤ 0. 

∑
𝑥(ℎ𝑖(𝑡))

𝑀𝑖x(h(t))
 𝑄𝑖

𝑛𝑛
𝑖=1 (t) ≤ 1 - 

𝑥(𝑡)

𝑥(ℎ(𝑡))
. 

Consequently 

 lim sup
𝑡→∞

(∑
𝑥(ℎ𝑖(𝑡))

𝑥(ℎ(𝑡))

𝑛
𝑖=1 𝑄𝑖

𝑛(t)) ≤ 𝑀𝑛[1- 𝜙]. 

3. Main Results 

Theorem 3.1: 

Assume that n ϵ N and 

lim sup
𝑡 →∞

(∑ (∏ 𝜓(ℎ𝑗−1(𝑡)𝑖
𝑗=2 )𝑛

𝑖=1 𝑄𝑖
𝑛(t)) > 𝑀𝑛[1 - ∆(k*)]                                           (3.1) 

where ψ(t) 
1

𝑀−∫ 𝑞(𝑢1) 𝑒𝑥𝑝( ∫
𝑞(𝑢2))

𝑀−𝑄1
1(𝑢2)

ℎ(𝑡)

𝜏(𝑢1)
𝑡

ℎ(𝑡) 𝑑𝑢2) 𝑑𝑢1 
 , by convention we set ∏ 𝜓(ℎ𝑗(𝑡)1

𝑗=2 = 1. 

Then (1.1) is oscillatory. 

Proof: 

Let x(t) be a non – oscillatory solution of (1.1). We can choose x(t) to be eventually positive. 

Letting n=1 in (2.4), we obtain 

x(h(t))  ≥  x(t) + x(h (t)) ∫
𝑞(𝑢1)

𝑀

𝑡

ℎ(𝑡)
  𝑒

∫
𝑞(𝑢2)

𝑀

𝑥(𝜏(𝑢2))

𝑥(𝑢2)

ℎ(𝑡)

𝜏(𝑢1)
𝑑𝑢2𝑑𝑢1 

 x(h(t))  - x(h (t)) ∫
𝑞(𝑢1)

𝑀

𝑡

ℎ(𝑡)
  𝑒

∫
𝑞(𝑢2)

𝑀

𝑥(𝜏(𝑢2))

𝑥(𝑢2)

ℎ(𝑡)

𝜏(𝑢1)
𝑑𝑢2𝑑𝑢1 ≥ x(t) 
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x(h(t)) ( 1 - ∫
𝑞(𝑢1)

𝑀

𝑡

ℎ(𝑡)
  𝑒

∫
𝑞(𝑢2)

𝑀

𝑥(𝜏(𝑢2))

𝑥(𝑢2)

ℎ(𝑡)

𝜏(𝑢1)
𝑑𝑢2𝑑𝑢1)  ≥  x(t) 

Dividing by x(t),we get 

𝑥(ℎ(𝑡))

𝑥(𝑡)
  ≥ 

𝑀

(M − ∫ 𝑞(𝑢1)
𝑡

ℎ(𝑡)
  𝑒

∫
𝑞(𝑢2)

𝑀
𝑥(𝜏(𝑢2))

𝑥(𝑢2)
ℎ(𝑡)
𝜏(𝑢1) 𝑑𝑢2

𝑑𝑢1 )

.                                                                 (3.2) 

 

Using Lemma 2.1 ,we obtain 

 

𝑥(ℎ(𝑡))

𝑥(𝑡)
 ≥  

𝑀

(M − ∫ 𝑞(𝑢1)
𝑡

ℎ(𝑡)
  𝑒

𝜌 ∫
𝑞(𝑢2)

𝑀
ℎ(𝑡)
𝜏(𝑢1) 𝑑𝑢2𝑑𝑢1 )

 = 
𝑀

𝑀 − 𝑄1
1(t) 

.  

Substituting in (3.2) , 

𝑥(ℎ(𝑡))

𝑥(𝑡)
   ≥  

𝑀

(M − ∫ 𝑞(𝑢1)
𝑡

ℎ(𝑡)
  𝑒

∫
𝑞(𝑢2)

𝑀
 

ℎ(𝑡)
𝜏(𝑢1)

𝑀

𝑀 − 𝑄1
1(𝑢2) 

𝑑𝑢2
𝑑𝑢1 )

 = M ψ(t)                                             (3.3) 

But  

               
𝑥(ℎ𝑖(𝑡))

𝑥(ℎ(𝑡))
 = ∏

𝑥(ℎ𝑗(𝑡))

𝑥(ℎ𝑗−1(𝑢2))

𝑖
𝑗=2  ,for i = 2,3,…n.                                                            (3.4) 

Then from (3.3) ,we get 

                
𝑥(ℎ𝑖(𝑡))

𝑥(ℎ(𝑡))
  ≥ ∏    𝑀𝑛ψ (ℎ𝑗−1(𝑡𝑖

𝑗=2  ))                                                                        (3.5) 

Combining (3.5) with Lemmas 2.4 and using Lemma 2.2, we obtain 

 lim sup
𝑡 →∞

(∑ (∏ 𝜓(ℎ𝑗−1(𝑡)𝑖
𝑗=2 )𝑛

𝑖=1 𝑄𝑖
𝑛(t)) ≤ 𝑀𝑛 [1 - ∆(k*)]  which is a contradiction to (3.1). 

Hence the solutions of (1.1) are oscillatory. 

Example: 

Consider the non-linear delay differential equation 

   𝑥′(𝑡)  + q(t) x(τ(t))(|x(τ(t)| + 8.68)  = 0    , t ≥  2                                                   (3.6) 

where  

  τ(t) = t – 1 – α ln(𝑐𝑜𝑠2 (𝜈𝜋𝑡))   

and 
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                           0 ,                                      t ϵ [𝑐𝑟, 𝑑𝑟] 

                           β(t - 𝑑𝑟) 𝑐𝑜𝑠( t - 𝑑𝑟) ,        t ϵ [  dr,  dr+1] 

        q(t) =          β ,                                       t ϵ [  dr+1,  dr+6] 

                          β (1 − 
(t − (dr + 6)

cr+1− dr − 6
)  ,         t ϵ [  dr+6,  cr+1], 

 

r ϵ N, 0 ≤ 𝑐𝑟 < 𝑑𝑟  −  1 –  𝛼, 𝑑𝑟 + 6 < 𝑐𝑟+1 such that lim
𝑟 → ∞

𝑐𝑟 = ∞, 

α = .00009, β = 0.45, 𝜈 = 15000. 𝑊𝑒 Choose h(t) = σ(t), then 

t -1- α ≤ τ(t) ≤ h(t) = 𝜎(𝑡) ≤ t – 1. 

Therefore 

        0 ≤ ∫ 𝑞(𝑢)𝑑𝑢
𝑑𝑟

𝜏(𝑐𝑟)  ≤ ∫ 𝑞(𝑢)𝑑𝑢 = 0.
𝑐𝑟

𝑐𝑟−1−𝛼
 

Then , k = k* = 𝑙𝑖𝑚
𝑡 → ∞

𝑖𝑛𝑓 ∫ 𝑞(𝑢) 𝑑𝑢 =  0 
𝑡

𝜏(𝑡)
and hence ρ = 1. 

M = lim sup
𝑥→0

𝑥

𝑓(𝑥)
=  lim sup

𝑥→0

𝑥

𝑥(|𝑥|+8.68)
= 0.1152 

Clearly 

𝑄1
2(𝑑𝑟 +6) = ∫ 𝑞(𝑢1)

𝑑𝑟 +6

ℎ(𝑑𝑟 +6)
 d𝑢1 

                 ≥ ∫ 𝑞(𝑢1)
𝑑𝑟 +6

𝑑𝑟 +5
 d𝑢1 

                 = ∫ 𝛽
𝑑𝑟 +6

𝑑𝑟 +5
 d𝑢1 

                 = 0.45. 

 

𝑄2
2(𝑑𝑟 +6) = ∫ 𝑞(𝑢1)

𝑑𝑟 +6

ℎ(𝑑𝑟 +6)
 d𝑢1 ∫ 𝑞(𝑢2)

ℎ(𝑑𝑟 +6)

𝜏(𝑢1)
 d𝑢1𝑒

𝜌 ∫
𝑞(𝑢3)

𝑀

ℎ2(𝑑𝑟 +6)

𝜏(𝑢2)
𝑑𝑢3 d𝑢2d𝑢1 

                  ≥ ∫ 𝑞(𝑢1)
𝑑𝑟 +6

𝑑𝑟 +5
 d𝑢1 ∫ 𝑞(𝑢2)

𝑑𝑟 +5 – 𝛼

𝑢1−1
 d𝑢1𝑒

∫
     𝑞(𝑢3)

𝑀

𝑑𝑟 +4 –2 𝛼

𝑢2−1
𝑑𝑢3 d𝑢2d𝑢1 

                  = 0.004. 

Also for 𝑑𝑟  + 3 ≤ 𝜈 ≤ 𝑑𝑟  + 4 –  α, 
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𝑄1
1(𝜈) = ∫ 𝑞(𝑢1)

𝜈

ℎ(𝜈)
 𝑒

𝜌 ∫
𝑞(𝑢2)

𝑀

ℎ(𝜈)

𝜏(𝑢1)
𝑑𝑢2 d𝑢1 

           ≥ ∫ 𝑞(𝑢1)
𝜈

𝜈−1
 𝑒

∫
𝑞(𝑢2)

𝑀

𝜈−1−𝛼 

𝑢1−1
𝑑𝑢2 d𝑢1 

           = ∫ 𝛽
𝜈

𝜈−1
 𝑒

∫
𝛽

𝑀

𝜈−1−𝛼 

𝑢1−1
𝑑𝑢2 d𝑢1 > 3.159. 

Consequently, 

Ψ(h(𝑑𝑟  + 6)) = 
𝑀

𝑀 − ∫
𝑞(𝑢1)

𝑀
 𝑒

∫
𝑞(𝑢2)

𝑀−𝑄1
1(𝑢2)

𝑑𝑢2
ℎ2(𝑑𝑟 +6)
ℎ(𝑢1 )

  𝑑𝑢1
ℎ(𝑑𝑟 +6)

ℎ2(𝑑𝑟 +6)

 

                        ≥ 
𝑀

𝑀 − ∫
𝑞(𝑢1)

𝑀
 𝑒

∫
𝑞(𝑢2)

𝑀−𝑄1
1(𝑢2)

𝑑𝑢2
(𝑑𝑟 +4 − 2α)
(𝑢1−1 )

  𝑑𝑢1
(𝑑𝑟 +5 − α)

(𝑑𝑟 +4)

 

> -0.294. 

Thus, 

lim sup
𝑡 →∞

(∑ (∏ 𝜓(ℎ𝑗−1(𝑡)2
𝑗=2 )2

𝑖=1 𝑄2
2(t)) = 0.4488. 

And 

M2 [1 - ∆(k*) ] = 0.0132. 

Thus proving (3.1) that   

lim sup
𝑡 →∞

(∑ (∏ 𝜓(ℎ𝑗−1(𝑡)2
𝑗=2 )2

𝑖=1 𝑄2
2(t)) = 𝑄1

2(𝑑𝑟  + 6) + Ψ(h(𝑑𝑟  + 6))𝑄1
2(𝑑𝑟  + 6)  

                                                              = 0.4488 

                                                              > M2 [1 - ∆(k*) ]  

                                                               = 0.0132. 

It follows from (3.1) that the equation is oscillatory. 
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