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Abstract: In this paper, the oscillatory behaviour of the first order non-linear delay
differential equation x'(t) + q(t)f(x(t(t))) =0, t > t,, where q, T € C{[ ty, ©),[0,0)}, 1(t) <*t,
such that tlim 7(t) = oo is studied.

Keywords: Oscillation, Non-linear equation, Non-monotone delay.

1. Introduction
Consider the non-linear delay differential equation x'(t) + q(t)f(x(t(t)))=0,t>t,, (1.1)

where q, T € C{[ ty, ®),[0,0)}, 1(t) < t, such that glr(rjlo (t) = o ,feC(R,R) and xf(x) >0

for x # 0 and M = lin(l)% < oo. A solution of (1.1) is said to be oscillatory, if it has
X—

arbitrarily large zeroes. Otherwise, it is called non oscillatory.

Oscillation and delay phenomena appear in various models from real-world applications.

See, [8,9] for models from mathematical biology, where oscillation and delay actions may be
formulated by means of cross-diffusion terms. In particular, the oscillation of first order delay
differential equations has attracted the attention of many mathematicians.

Braverman and Karpuz [4] state that the classic condition for the oscillation of (1.1) in
monotone delay case is

. t
l!l_)rg) sup fr(t) q(u) du>1, (1.2)

is not applicable for the non-monotone case in general. This highlights the importance of
obtaining necessary and/or sufficient conditions for the oscillation of the general form (1.1).
In [1-3, 7] sharp oscillatory condition that improves (1.2) is obtained for a particular class of
(1.1) with coefficients enjoying the slowly varying property. In this work, we obtain new
sufficient criteria for the oscillation of (1.1) when t is not assumed to be monotone and q
need not to be of slowly varying type.
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We assume the existence of a non-decreasing continuous function h(t) such that t(t) < h(t) <t
for all t > t,. Also ,let o(t) = sup t(u) , t > ¢,. (1.3)

ust
We also assume that A(B) is the smaller real root of the equation A = e#*

u—vV1-2u-u?

2 b

Adu) == 0<u<

Q|-

: (1.4)
k=liminf [* du<?

=liminfJ,,qw) dus<z,
k* = lim inf Jey 4@ du,

1, k"= 0
p= {A(k*) — e k*>0,e€(0,A(kY) (1.5)

* 1z t
and L = lim sup fh(t) q(u) du.

Therefore, in this paper, we derive new iterative type oscillation criteria.

2. Preliminary Results

We use the following theorem and lemmas for our main results.

Theorem 2.1: (See [6], Theorem 2.1)

Suppose t(t) is non — monotone or non — decreasing function , h(t) is non decreasing and
©(t) <h(t) forall t>0.

Suppose that the function f in (1.1) satisfies the following condition,

. x _
chlg})sup—f(x) =M, 0 <M < and (2.1)
ot M
if lim 1nffT(t) q(s)ds >~ holds, (2.2)

then all solutions of (1.1) oscillate.
Lemma 2.1: (See [6])

Let x(t) be an eventually positive solution of (1.1). Then,

x(h(®))
x(t)

where p is defined by (1.4).

> p, for all sufficiently large t (2.3)

Lemma 2.2: (See [5])

Assume that x(t) is an eventually positive solution of (1.1) .Then ,
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Lemma 2.3:

Assume that x(t) is a solution of (1.1) and n is a positive integer. Then,

x(h(0) = x() + TP 2L grey + XD gnyy (2.4)

Ml
where

t h(t) ni=1(t) )
QMY = fh(t)q(ul) ey 42) - fT(ui—l) q(u) du; du;_q... duy, i=1,2,...n-1

and

fhn(t)q(un+1)x(f(un+1))

Nnn — t h(t) hn_l(t) T(un) M n+1
Qn(t) - fh(t) Q(ul) fr(ul) CI(uZ) ---ff(un_l) q(un) e n *(Un+1) dun dun—l . dul'

Proof:
Let us first consider the linear delay differential equation of the form

X (t) + q()(x(t(t))) =0, t > o> 0, (2.5)
where q and t are continuous on [ to ,00 ), to >0, q(t) > 0 and tll_)rg 7(t) = and fe C(R,R),

If there exists a non-oscillatory solution x(t) of (1.1) , then -x(t) is also a solution of (1.1).The
discussion is confined only to the case where the solution is eventually positive. Then there
exists a t; > tosuch that x(t), x(t(t)) > 0, for all t > t;.

Thus from (1.1), we have x’ (t) =-q(t) f (X(z(t)) ) < 0 for all t > t1. It means that x(t) is
nonincreasing and has a limit £ > 0 as t — oo.

Now we claim that £ = 0. Condition (2.2) implies that
[."q(t) dt = oo
By [1, Theorem 3.1.5], we obtain tlim X(t) = 0. Suppose M > 0.

Then, in view of (2.1) we can choose t> > t1 so large that

f(x(t) = - x(t) for t > ta. (2.6)

On the other hand,we know from Lemma 2.1.1 [6], that
limgonff;(t) q(s)ds = li{t_l)gonffrt(t) q(s)ds.

Since 1(t) < h(t) and z(t) is non increasing , by (1.1) we have
X(t) +a() (5 x@H) 0, t= ta

Integrating (2.8) from h(t) to t ,we have
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t I t q(uqy)
fh(t) X (ul)dul + h(t) M1 X(T(ul))dul < 0,
t quq)
X0 = x(h(®) + [, q;;i x(t(uy))du, <O0. (2.9)

Again integrating (2.8) from t(v) to h(t), v < t, it follows that

X(N(®) — X(E(V) + [y 52 x( () duz 0.

Replacing v by u4,

X(0(®) — X(x()) + [l 52 x( () duy 0. (2.10)

Substituting (2.10) in (2.9)

X(®) = X(0O) + f o 2L x(D) + L) T2 x( o(wp))duz} duy <0

t t h(t
X(©) = (1)) + [ oy L2 X(M(D) s+ [ 22 (10 202 x( () du, duy <0

h(t t 1 t
X(®) ~ X(() + 52 [ q(un) dugt o fr o 4) quX(t(p))duz duy <0 (2.11)
We note that ©(v) < h?(t) , for all v <h(t).
Here integrating (2.8) from t(v) to h?(t),we obtain

We obtain

h2(t) h?(t)
[ty X () dus + [17 2 x(w(us))dus <0,

X(B2(6)) ~ x(@) + [10 ) L x( 2zl <0,

X(x(v)) = x(h2(0)) + [0 94 (1)) du,

T(V) M
Replacing v by uy,
h2
X(1(u2)) 2 X(h2(0) + [ Lo x(t(us))dus, (2.12)

Substituting (2.12) in (2.11),

X(®) - x(h®) + X2 [ qQua) dus+ 1z fp ) 4 L) a(u) {X(H2(0)) +

h2(t)
f‘t(uz) q(;;B) X( ’E(u3))du3} duz <0,
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h t h? t
x(®) - x(h®) +*E2 11 quy) dug+ S [ ) duy 1 q(uy) du,

+3 M3 fh(t) q( 1) ft(u )Q( 2) ft(u ) q(u3) X( T(u3)) du3 duzdu1 <0

x (h (f)

x(h(t) = x(t) + Z?=_11 fh(t) q(u1) ft(u )q( 2) f-[(u ) q(uz)... du; du;_yq...duy

o aQu) 50 qQu) -l g () duty dityy...duy  (213)

Dividing both sides of (2.8) by x(t) , where t is sufficiently large, and then integrating from
1(v) to h™(t),we get

R () x' (Un41) R () q(Un41) X(T(Un41))
f-[(v) x(Unt1) du Un+1 + f (V) M x(Uns1) dun+1 SO

X(T@) - A qQitney) x(T(iine))
ey 2he M e GUn

fhn(t)‘I(un+1) x(T(Un+1)) u
x(t(v) = x(h™(t))e™ M x@nsn T

Replacing v by uy,

BN 2 EEneD) g
x(t(uy, ) = x(h™(t)) eM Tun) TR x(upyy) T (2.14)

Substituting (2.14) in (2.13),

xh®) > xS IO g [ qau) [5.9 qu).. L ) dug dug ... duy

1) fhn(t)CI(unH) x(t(un+1))
fh(t) ( 1) fT )Q( 2) fr(u q(u )e

x(h"(t))

(un) M x(Un+1) dtn+1 dun dun—l' .. du1

hi=1(t) .
Let Q(t) = fh(t)q(ul) fr(u ,q4(wz) .. fT(ui—l) q(u;) du; du;_4... duy, i=12,...n-1

080 = ey au) [ aCua) . [l qun) e

then we have ,

fhn(t)CI(un+1)x(T(un+1)) u
twn) M xune) Py dug, g ... dug,

x(h(t) > x() + X1 22D grry + LD Gr(t) proving (2.4).
This completes the proof.

Lemma 2.4:

Assume that x(t) is an eventually positive solution of (1.1) and let ¢ = htrtn inf x(h((tt)))
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Then

lim sup( i x((}::((:)))) Q' (t )) < M"[1-¢].

t—oo

Proof:

Using Lemma 2.1 and (2.4),we get
x(®) - x(h(®) + X, 2L gry <o,

Dividing by x(h(t)) ,

x() n x(R®) An
eyt =1 iy GOS0

n x(h (t)) Qn( ) x(t)
l —

=1 pix(h(1) " x(h(®)

Consequently

lim sup (212, 252 079) < M7[1- ],

t 00 =1 x(h(1))
3. Main Results
Theorem 3.1:

Assume thatn e N and

lim sup(ZEL, (I (W™ (®) QF () > M1 - AK)) (3.1)
where y(t) hl(t) TP , by convention we set Hjl-zz Y(h! (t) = 1.

t
M= fp,pya(uq) exp(, (ul)mduz) du,

Then (1.1) is oscillatory.
Proof:

Let x(t) be a non — oscillatory solution of (1.1). We can choose x(t) to be eventually positive.
Letting n=1 in (2.4), we obtain

[0 qup)xauz) g,

x(h(0) 2 x(O) + x(h (1) fy) 12 00 M)

fh(f) qu2)x(t(u2)) ;.

x(h(t)) - x(h (1)) fh(t) q(A’;l) Tw1) M x(up) Zdul > x(t)
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h(t) quz)x(t(up))
(0 (1= [ 252 e st 2 duy) = (0

Dividing by x(t),we get
x(h(®) M

x(t - h(t) q(uz)x(r(uz)) :
© M- fh(t)Q(ul) et M x(up) “xuz) 2 dul)

(3.2)

Using Lemma 2.1 ,we obtain

x(h(t)) > M N M

*® "~ P ety S gy MmO

M- jff(t) Q(ul) e
Substituting in (3.2),
x(h(t))

x(©) z RO qCiz) M =Mwy(t) (3.3)
M [ atuy e "0 M M-l Tay, )

S

But

XW) i W) g
ey~ =2 sisugy 7 1= 2300, (3.4)

Then from (3.3) ,we get

M i n j-1

Combining (3.5) with Lemmas 2.4 and using Lemma 2.2, we obtain
llm sup(Z 1(]_[] L WP(hI~ 1(t)) Ql (t)) < M™[1 - AKk")] which is a contradiction to (3.1).
Hence the solutions of (1.1) are oscillatory.
Example:
Consider the non-linear delay differential equation

x'(t) +q) x(t®)(x(t(t)| +8.68) =0 ,t > 2 (3.6)
where

(t)=t—1—aln(cos? (vrt))

and
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0, te[cy, dy]
P(t-dy)cos(t-dy), te[ dp dry]
q = B, te[ dry1, driel
p1 - U)o e dre

reN,0<c¢,.<d, — 1- a,d, +6<c,,q such that lim ¢, =,

T —> 0

a=.00009, B =0.45,v = 15000. We Choose h(t) = o(t), then
t-1-a<t(t) <h(t)=a(t) <t-1.
Therefore

d, .
0< fT(CT) q(udu < fccr_l_aq(u)du = 0.

Then,k=k = tlirrolo inf f:(t) q(u) du = 0and hence p = 1.

X
= llrgcl_)soup f( 5= llrg_)oup T A1868) 0.1152
Clearly
dy +6

Qi(d, +6) = f(d +6)Q(u1) duy

Z d, +5 q(ul) dul

dy +6
= Ja, +s5 P dia

=0.45.

2(dy +6
dy +6 h(d, +6) h2(dr +6) g (uz)

Q3(dy +6)= [, +6)q( D) duy [ ™ quy) duge? e T quyduy

fdr +4-2a q(ug)du

dr+5-«a
" uz-1 M du,duy

ZJa, "5 Q(u1) du1f q(uz) duse
=0.004.

Also ford, +3<v<d, +4- q,

Volume 48 Issue 4 (November 2024)
https://powertechjournal.com




- Power System Technology

Y~ 1SSN:1000-3673

Received: 16-09-2024 Revised: 05-10-2024 Accepted: 02-11-2024

QW)= [, q(uy) el w2 dyy

fv—l—oc q(uz)

= fvv—1 q(uy) et M Mz du

v-i-a f
= fj_l,[)’ P du, >3.159.
Consequently,
M

[h2ar+e)_qa) 4,
h(dr +6) quy) S h(1)  M—Ql(up) 2

P(h(d, +6))=

M= [42a, +6) M duy
M
> f(dr +4 —2a) q(up) duy
M- [@r¥5-@a@y) St M-eiuz) C gy,

(dr +4) M
>-0.294.
Thus,

lim sup(XF; (5= Y (W 71(1)) Q3 (1)) = 0.4488.
t >0

And
M1 - A" ]=0.0132.
Thus proving (3.1) that
lim sup(S21 (M (/™ (6) Q3() = QI (dy +6) + P(h(d: +6))QF(dr +6)

=0.4488
>M2[1-Ak") ]
=0.0132.
It follows from (3.1) that the equation is oscillatory.
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