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Abstract:

Characterizations of probability distributions based on recurrence relations for single and
product moments of generalized order statistics has attracted the attention of many researchers.
We present here, characterizations of Weibull -family of life distributions based on generalized
order statistics.

Characterizations of distributions based on recurrence relations for single and product moments
of generalized order statistics have been investigated quite extensively in the literature
involving ordered random variables. As generalized order statistics (GOS) provide a unifying

approach to models of ordered random variables.
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1. Introduction

The primary objective of this article is to offer characterizations for absolutely continuous
distributions, utilizing recurrence relations for both single and product moments of GOS. It is
important to note that our study does not seek to extend all characterization results in this
context. However, our discoveries and mathematical approaches not only contribute novel

characterization results for diverse models of ordered random variables but also hold potential

applications in various aspects of GOS.

Bourguignon et al. (2014) introduced a new method of adding a parameter into a family of

distributions. The resulting distribution, known as the Weibull generated distribution, inclu
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the original distribution as a special case and gives more flexibility to model various types of
data.

Let G(x,&) be acontinuous baseline distribution with density g(x,&) depends on a parameter

vector.
The Cumulative density function (cdf) of the Weibull-distribution

—axP
F(xa.f)=1-e %% xa,p>0.
The cdf of the Weibull- G family is given by

F(xa,f.8)= jo[e
The probability density function (pdf) of the Weibull- G family is given by

) . B - [
(X)]aﬂxﬂ lo-ax gy —1-e

ﬁ(x)_e‘{é(x)

where a and B are the scale and shape parameters, respectively. The probability density

: X, B,a>0, (D)

function (pdf) corresponding to F(x) are:

(x/ [Giilﬂ

G G
f(xX)=apfg(x e ; X, B,a>0, 2)
( )G(X)’B+1
where G(x) as
G(x)ze_l(x); x>0, 6>0, (3)

wherel(x)is a non-negative, continuous, monotone increasing, differentiable function of x

such that A(x)—>0as x—>0"and A(x)—>wmas x —oo(see Mahmoud and Ghazal (2012)).

Substituting from (3) in (1), we get
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x>0 4)

The pdf corresponding to F(X)

f(x)=aﬂﬂ'(x)eﬁ(x)[eﬁ(x)1Jﬂ_1ea[el(X)1jﬂ x=0 (%)

The family of distributions in (5), is called Weibull-family of life distributions.

Now in view of (4) and (5), we get

https://powertechjournal.com

Ey_ f00 2 (181D (B+u)' 2V (x)
Foo=—o s X , (©)
afi (X)u,v:o u vl
Then distributions can be obtained from (5), as illustrated.
Table (1) examples of pdf'(5)
Distributio
A(x) pdf )
A% ax(ax P _“(e/lx —1)'B ez\;ilr?:rll;a
A>0and x>0 apre (e —1) e |
bo i -
b 2 a2 [ axaly? e _a[eMGX _J Welbu”
X+ X abapxe 2 (e 2 _1J e linear
axand b>0 failure rate
AXC: 10 B Wel_bull-
1050 0 o \B-1 -a|e - Weibull
’ aproxt —LeAx (elx —1] e
and x>0
Ax2 2 y:; Welbl_JII-
120 5 5 p—1 o{e —1] Rayleigh
Zaﬂixe’ix (e’lx —1} e
and x>0
Modified -
Ax"e” pr —afe o
27x \, 20-1, ax % [ 4 ix %™ Weibull
1.6.7>0 aff22.07e " x X ( 1) e
and x>0
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afgox_y s i -
E(eCX _1) E(ecx_l) E(e”—l) A1 —a[ec(e )_1] GWelbU"
c affae”e® ec - e ompertz
c>0and x,a>0
aln (1+ NG ); awfuod] Y’ _
aﬁabxb‘l aln(1+xb) aln(l+xb) 1 A —a[e _1] Weibull —
abx>0 We ° - ¢ Burr type
Xl
aln(1+bx); abaB i) {ain(iebx Bl gl g\’
oy gt (e ) e ] weibui -
e Lomax
aln(l+x ao, aln(lex aln(Lex Bl _gfed_g) .
(o | (ui)e e et —g) e Weibull —
e Pareto

Kamps (1995) introduced the concept of generalized order statistics (GOS), encompassing a
range of order models for random variables. For simplicity, let F consistently represent an

absolutely continuous distribution function with a corresponding density function f.
The random variables X (1,n,M,k),..., X (n,n,M,k) are called generalized order statistics

based on F, if their joint pdf of the form
(1 [T e rer ).

for F‘1(0)< X <X, <. <X, < F_l(l).with parameters Ne N, k>2, k>0,
n-1
M=(m,m,,...m _)eR"™,M =) m,suchthat , =k+n-r+M, >0, forall

re {1,2,..., n—l}.For vi#y; forall i, je (1,2,..., n—l) the pdf of X (r, n,m, k) is given by
Cramer and Kamps (2000) in the following way

fuennig (9= Coaf (03 (0] F (0] ™

The joint pdf of X (r,n,m,k) and X(s,n,M,k), 1<r<s<n is given as
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fx(r,n,m,k),x(s,n,m,k) (X’ y) - Cs‘l ZS: ai(r) (S)|: If(y;:| | (izil:ai(r) I:'E(X)]yi J ;E;(; 'E(();g ’

i=r+1 IE(X
x<y (8)
Where
9 1 .
a(r)= , 1<i<n
() ]j:i!Vj_?/i
and ai(r)(s):HL, r+l<i<s<n.
}:ir+17j_7i
It may be noted that for m, =m, =...=m_,=m=-1
(7]
a(r)= = ) ©)
") (m+1)"" (r-1)!
si(S—r-1
(5
and a"(s)= (10)

(m+1)"(s—r-1)r
Therefore pdf of X (r,n,M,k) given in (7) reduces to

fy (r,n,m,k)(x): ir(;)l[ﬁ(x)]yr 1y (x)g{n_l[F(x)], xey  (11)

and joint pdf of X (r,n,M,k) and X (s,n,M,k),1<r <s<nis given in (8) reduced to

CS—l = m r-1
fX (r,n,m,k), X (s,n,m,k)(x’ y)= (r—l)!F(s—r—l)![F(X)] f (x)gm [F(x)]

s—r-1__

h [FO]-h [FOOlT [FOYs ), x<y, (2

Where

C=H7/ y =k +(n—i)(m+1),

Volume 49 Issue 2 (April 2025)
https://powertechjournal.com



Power System Technology

ISSN:1000-3673

Received: 06-02-2025 Revised: 15-03-2025 Accepted: 11-04-2025

m+1
—-(1-x) 1
hm(X)Z m+1

1
lo m=-1
g(l xj -

g, (x)=h, (x)=h, (1), x [0, 1).

We shall also take X (0,n,m,k)=0.If m = 0, k = 1, then X(r,n,m,k) reduces to the

and

(n -r +1)th order statistics, X from the sample X, X ,,..., X, and when m = -1, then

n-r+ln n

X (r,n,mk) reduces to the k" record value (Pawlas and Szynal [2001]).

Numerous authors have incorporated generalized order statistics (GOS) into their research,
including Kamps and Gather (1997), Keseling (1999), Cramer and Kamps (2000), Ahsanullah
(2000, 2016), Pawlas and Szynal (2001), Ahmed (2007), Ahmed and Fawzy (2007), Khan et
al. (2007), AL-Hussaini et al. (2005), Kumar (2011), Abdul-Moniem (2019), Nagwa (2020),
A-Rahman et. al. [2023,2024,2025]. and Alimohammadi (2022). These works explore various
characterizations through conditional events of generalized order statistics.

In this paper, we present a characterization of the Weibull-Family distribution, employing a
recurrence relation for both single and product moments of generalized order statistics (GOS).
2. Characterization Based on recurrence relation for single moments of gos

Theorem 2.1 Let X be a non-negative random variable having an absolutely continuous
distribution function F(x) with F(0) =0 and 0 < F(x) < 1 for all x > 0, then

E[X ! (r,nm k) ]-E[X ! (r-1n,mk)]=—— 3 (1—ﬂ](—1)” (B+u)

afy, Jvo\ U v!
El:x‘l(rnm k) (X (r,n,m,k))}
A/(X (rn,mi k)
(13)

_a[eﬂ(y)_ijﬂ

ifand only if F(y)=
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Proof 2.1.
(1) Necessity
Building upon Lemma 2.3 (Athar and Islam [2004]) that

E| (X (rnmk)} | -E| e{x (r-1nmk)}] =Cr2JZ ¢ ()3 ([ F(x)]" ox
If welet &(x)=x', then

E[X"(r,n,rﬁ,k)}—E[Xj(r—l,n,mk} iC,_ erJ 12& [F(x] dx  (14)

On using (6) in (14), we get
E[X(r,n,mik)]-E[X i(r—l,n,rﬁ,k)]:& i (Lﬁj(—l) (B+u)

afy, Jvo\ U vl

The simplification process results in Eq (13).
(ii) Sufficiency
On the other hand if the recurrence relation in Eq (13) is satisfied, then by using Eq (11), we

have
I e R )]dx T " () g [F (x)Jox
L 1=/ ( ) (ﬂ+u) XJ_%( ) x X
“ﬂ(f—l)!yru;o( u j vl ! 2(x) [FOOT ™ (x)gy " [F(x)]d

By integrating the first term on the left-hand side using parts, we obtain:

JC S ol S Ix’l[F )] g [F (x)]dx

L 3 (1 P B ()i )

ﬂ(r 1)}/ruv0 u v! 0 ﬂ,’(X)

g e
{F—(X)_u’\io(l_ﬂj(_l)uw (IB_HJ)V ﬂ‘v (X) f (X )}dX =0

u vl afd' (x)

This implies that
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Now applying a generalization of the Muntz-Szasz theorem (Hwang and Lin [1984]) to (15),

we get
F_(X)_ i(l_ﬂJ(_l)uw (ﬁ+u)" A (X))f (X)zO,

v! afi (x

hence,

ﬁ<x>=i(l‘ﬁ](‘l)w(ﬁ+“>” 209 ¢

Sl u v! afA'(x)
S e 1

This implies that

Integrating both side from 0 to y, we get

f[ ::_E); ;dx = aﬂ}i’(x )e ) (e Ax) —1)[;_l dx

0

This implies that

—In[lf(y)]:a(eﬁ(y) —1}18

which prove that
B
-a [e (y) —1)
F(y)=e y>0
Corollary 2.2 for m, =m, =...=m_, =m= —1,the recurrence relations for single moment of

gos for W—family of life distributions is given as

E[X j (r,n,m,k)]—E [X j (r—l,n,m,k)]: J i (1—/3'}(—1)”” (B+u)

afy, v\ U v!
El:x”(r n,m, k)ﬂ,v( (r, n,m,k))}
A(X (r.n,m k)
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(16)
Proof. This can easy be deduced from (13) in view of the relation (9).
Note that: By considering and analyzing generalized order statistics (GOS), we can derive

certain characterizations for the Weibull-Weibull distribution. ﬁ(x) =x”in (3), established by
A-Rahman et. al. (2023).

Remark 2.1 Putting m = 0, k = 1 in Theorem 2.1., we obtain recurrence relations for single
moments of order statistics as

SRR, B -—r+1 ui [1 ﬂj(—l)“*vv(!mu)v e {x A?X(X))}

v =0

17)
Remark 2.2 Settingm = -1, k=1 in Theorem 2.1.,we obtain the recurrence relations of upper
record values as

, j - = (1- B8\ (-1)" (B +u)
E[X(rn nﬂ—E[x(_m_nﬂ mifu j( 1) V(!ﬁ )

uv=0
NO R\ (X (r:n‘71‘l)) (18)

(rin,-11)

;L'(x

E
<r:n,—m>)

3. Characterization based on recurrence relation for product moments of gos

Theorem 3.1 Let X be a non-negative random variable having an absolutely
continuous distribution function F (x) with F (0) =0 and 0 <F (x) < 1 for all

Xy >0, then

E[Xi (r,n,mk).X’ (s,n,m,k)]—E[X‘(r,n,m,k).X J (s—l,n,m,k)]

_ 3 (1‘/3](—1)U+V (B+u)’ E{X (v, m, k) 2" (X (r,n,m k)

afy, fo\ U v! A'(X(r,n,m,k))

(19)

_a[eﬂ(y) _gﬂ

if and only if F(y)=
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Proof
(i) Necessity
Building upon Lemma 3.2 (Athar and Islam [7]) that

E[cf{x (r,n,m k)X (s n,m, k)}}— [g{x (r,n,mk).X (s —1,n,m,k)}]:
86 5
(r-1)Y(s —r-1)! ;[-[5 ()T (g [F ()]
[P (F( (X))T”[ y )" dyox

where £(x,y)=4(x)&(y)

Iflet &(x,y)=x'y’, then

E[X " (ronm, k)X (sumum k) [=E [ X (rinm k) X (s ~1n,m k) | =
Xfx'y' [EOT"f (x)ar[F(x)]

n, (F (FO)] T [F ()] dya

(r- srl'!
[

On employing equation (6), it obtain:

E[ X' (r,n,mKk).X!(s,n,mk)[-E[ X" (r,n,mKk).X!(s=1,n,mk)]|=

c 5[ s

u,v=0

. _%V T rose
af(r-1)(s—r-1)tv! !:JX‘ y )} f(x)gn [F(X)]
[ (F(y)-h,(F (X))T”[ﬁ(y)]”’lf(ymydx

This, following simplification, results in equation (19).

(ii) Sufficiency

If the recurrence relation in equation (19) is satisfied, then by using equation (12), we have
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C57 % iif= m e s—r-1
(r_1)!(sl—r—1)!£jxyj[F O] () [F 0l it [F (v)]-Ma[F (0
f F()gn'[F(x)]

e Jclz( Pl ey 2
]—h [FOOL} [FOII™ f(y)ayae= By A (r—1)i(s—r-)v!

tha[
IT LT ¢ (082 TF (T LR )T LF GOT) ™ [F 0T ()

By integrating the first term on the left-hand side using parts, it obtain:
st_ e i = m r s—r-1
n(r_l)!(sl—r—l)!gxyj1[F(X)] f(x) g [F (0 J{ha [F (v)]-ha[F (x)]
0 1_
e, 3 i gy 2

[F(y)]" dyox= ;};ur “D)(s—r-1)!

(05 [F (0T [F(0)]-ha[F (0] (v)aya

[F(y)]""  (v)dyax-

O‘—18

('sr2

[ Loy

A'(y

This implies that

yo(r- 1 (s—r-1)! ”Xy”[F "t (x5 [F) ] [F]-h[F)]
[Fn]™ { y_aellﬁvgu%[lgﬂ](_l)w(/3+U)V/1Vf(y)}dydxzo

Now applying a generalization of the Muntz-Szasz theorem (Hwang and Lin [1984]) to (20),

we get
F (y)—ui (1_ﬂj(_1)w fo) az;({;) f(y)=0

v!

(20)

hence,
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This implies that

E (y) =
F(y)= m,()( -1)

Integrating both side from 0 to y, we get

(X )dx = aﬂ]';t’(x Je ) (e —1)#l dx
0

rf ()
-([F_x

This implies that

which prove that

Remark 3.1 Putting m =0, k =1 in (19), it obtain recurrence relations for product moments

of order statistics as

E[X:Zizn}_E[X::g_m]: n- r+1) i( . ]( : \E;BH]) E[ r;nzx(')l(r)sn)}

u v=0 r,sin
@1
Remark 3.2 Setting m =-1 in (19), it obtain the recurrence relations for product moments
of k™ record values as

(22)

4. Conclusion
In this paper we have studied the characterizations of a family called Weibull-Family of
Life distributions based on recurrence relations for single and product moments of generali
order
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