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Abstract:

Here in, we provide evidence of three theorems about a special case of the absolute summing-up-
factors of infinite series using much less stringent conditions. Some particular results on various
absolute summability approaches also been produced. The papers [7], [21], and [22] serve
inspirations for our work.
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Introduction:

Let {p,} be a sequence of non-zero constants, real or complex with R, as its non-vanishing o
partial sum much that R, = p,+ p, +...+ p, >0 as / - where R, =p, =0

1)

Let V, denote the ¢* (N, pk) means of the sequence {&,} of partial sums of a given infinite series
>_u, defined as

1 4
sz_zpvé:k

R 2 @)
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following author [1], we defined that the series ZUK is summable ‘N, pé‘ where ¢/ =1,2,3,...

m-1
if z(ﬁj V, -V, ,[" <o 3
=1\ P,

and it is summable ‘N, pf;é‘

where & is a non-negative real number and k >1 if (see [2]-[7])
- R om+m-1
Z(—kj [V/ —Vk,_1|m < 00 (4)
=AY,
(1) If p,=1V/ then ‘W, p(‘ is same as |C,1| .

(2 If m=1 then [N, p,;] boundedness is same as [N, pl] boundedness

3) If 6=0and m :l,‘ﬁ, pl;é‘m IS same as ‘W, p@‘m where m=1

4 Ifp, =%1,m=1 and 6 =0 then ‘N, pg;5‘ is equivalent to |R,log ¢,1].
+ m
Many works dealing with matrix summability of Legendre series, Norlund series, Fourier-
Laguerre series,
Borel summability, and ultraspherical series have been done in [24-33].
Known results:

Some works on absolute summability and absolute matrix summability of infinite series and
Fourier series have been done [8, 10, 11-20]. In 1972, author [9] proved the following theorem on
|C.1|_ summability factors of an infinite series.

Theorem A: If {y,,7,,...7,,...} isaconvex sequence such that

£+ﬁ+...+ﬁ+...<oo,and
1 2 4
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m

S
g

|
E

then the infinite series > u,y, is summable |C,1] .

=0(log/),(m=>1) (5)

Theorem B: Let {gl, g’z,...,g,...} be a convex sequence such that Z% is bounded.

4
Let {p,, p,,....p,,...; be positive, monotonic decreasing sequence of constants real or complex
suchthat R, =p,+ p,+...+ p, >0 as { —>oo.

Let {x.2,,.... x,...} be positive increasing sequence and M (z) be a positive non-decreasing
function of z such that

Zi:Rngé/gM (Rg)'AZ {%J:O(l) (6)
and for / — o,

S|

if ZR—ZO(;QM (R,)) (7)

P . u, .
as ¢ — oo, then the infinite series Z@ is summable
X

,m>1.

m

N, p,

Main theorem:

Our aim is to generalized the above theorem by establishing the following theorem.

Theorem 1: Let {¢,,&,.....¢,....} be aconvex sequence such that Z% is bounded.

4

Let {p,, p,.-.. P,,-..} b€ a positive monotonic decreasing sequence of constants and

R =p,+Pp,+...+p, > as { — oo satisfying the condition
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R,=0(/p,),as { —>oo. (8)

Let { %, %2.--» x,.--.} De @ positive increasing sequence and M (z) be a positive non decreasing
function of z such that

é/aM(Rf):O(l) (9)

oM (R, ), =0() (10

and >"g|¢,[|zM (R,))- A{ij:oa),as {—o (11)
9= Xy

ifa =1 Ygb (12)
U+1 ¢

o=\ P,
(13)
- R sm-1 1 R sm-1 1

and Z[—gj —=0|| =% .— | then the infinite series Zu”—g is summable
(=g>1 p( Ré’ pg pg /}//K

|N, pk;5|m for m>1,6>0.

Lemma: Under the conditions on (8) and (9) of the our main theorem, we have

Z|§K|M(Rfr):o(1)’f_>°° (14)
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KM (R,)¢, =O(1) as />
(17)

k

D LEM(R,)=0(1) as /- (18)
(=1

Proof of the theorem 1:

Let {o,} be the sequence of (N, pf) means of the infinite series z%
X

Then by definition, we have

- 1S (R,-R, )5 (19)
z

Then for ¢/ >1, we get

‘
0,=0, = P Ro ( ol J ,
RR, 3 Xo

by applying Abel’s transformation

£-1
o,-0,,= Z (Ro-) i u, +—2L P.c, Z@u

161 0.2, a=1 Ry, o=

=(£+1) piaigé _ p,@ .{p9a9§0.0+1} ZRA( 9) 0+1 iR §9+1 1
IR, 7, RR,, Xo 0 R R/ 1 6-1 X 0 Zml ‘9

=0,,+0,,+0,,+0,,, (using (12)). (20)

We have to show that

om+m-1
Z(_Vj .‘ak’j‘m <oo (Using the help of Murkowski’s inequal it’s for j=1,2,3 and 4).

(21)
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Now, we first consider o, ,, we have

m-1
g

R om-1
200 = Ja,I"
Xo (p/) |V|

r R Sm+m-1 N r /
Z[—”j .\5,,]1\ =0(1)Z%

2\ Py =1

R om-1
202t Ja|”
Zﬁ,‘(pﬁJ |/|

32 J|| ()

[

-1\ Py KXo

=

r R om-1
-z[ j Jaf

[

r

ZM(R,)

A(QJ ZM(R)+0(1)

=0(1) 2| (¢ )M (R.) +O(M) XI¢ M (R )+ O] M (R,)

=0(1), as r —oo(using the conditions (9), (13), (14), (15) (22)

and Abel’s transformation (see [21, 22]).

For O,

Applying Holder’s inequality, including indices m and m*,

1+i_1 we have
m m
c1( R Sm+m-1 . 1 (R om-1 1 /-1 /-1 m
) B ) e B DU I L AR
=2\ P, =\ P, R, |#= o1
r é’ m-1 é/ 1 (R om-1 1

=0(1)> p,la,[" |22 .|2£ (—”J :

( ); €| 0| Xo Xo Kgﬂl P, R,

:o(l)gzr;ﬁ

R sm-1

0 m
— |a

= Za[paj | 6|
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=0(1), as r —oo (using the conditions of our theorem and lemma).
(23)

Further, we consider o, ,,

1R om+m-1 m 1R om-1 1 /-1
Z( /J "%3‘ =o(1)2(_k R { Po
/-1

=2\ P,

1R om-1 /-1
=0())| =] =—1>.0p,

= 1 1) &(RY™ (R
:Ol QA 0 _— 0 0 A h— X h— . ¢ O 1 A - |- — 0
Oy (e [ N B (S RTINS DL S
= 1 1
=0(1 A, |||+ 0|A% (&,)||—
““{' o sl 2
A(i}mMglAiJ 0l¢,|
Xo Xo
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=NQEMQJMWG

r—

Z|é’9+l| M

+o()r|¢,|M(R,),

Revised: 12-12-2023
r-1
)+0(1)X.0]A%,|M (R,) +
0=1

Z|§H|Z.9

(using [21] and [22])

O 0ac M (R,

)

Accepted: 20-12-2023

)

(Drag|M(R,)

=0(1), asr —> . (24)
Foro,,,
ral R om+m-1 N ril R om-1 1 1 é/ m
ST rsoffe]” & ko]
=2\ P, =\ P, 1 |1
i sm-1 U
R 1 < 1
=0(1 < . 221 p,la {— p}
( )Zzl P, R, {01 Ko 9| 9| } R, o3 '
/-1 m-1 r+l om-1
§9+1 §9+1 m [R/j 1
= O 1 e S Rt I p a . — .
( )6:1 Xon Xon €| H| /,;rl 0 R
s R sm-1
o) |2 = | la,|"
(); Ze+1(pf) | 6|
=0(1), asr —o. (25)

Collecting (21), (22), (23) and (24), we get (20).
This completes the proof of the theorem.
An application to trigonometric Fourier series:

Let y be a periodic function with the period 27 and Lebesgue integrable over (-,

00

Theny (z)U E;O i a, cos/(z+h,siniz)=> ¢,(z),
(=1

(=0
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1 T
a,=— J' w(z)dz,

a, =% j w(z)coslzdz,

17 .
andblzzj;://(z)smﬁzdz.

v(z+0)+y(z2-9)
2

Let & =

and &, (6) = %T(a—v)g_lf(v)dv , (whereg >0).

If g=1then

If £(6)eBV (6,7) then

6,(2)=0(1) where 6, (z) isthe (C,1) mean of the sequence {/¢, (z)} (see [23]).

By using the above arguments, the following theorems on absolute matrix summability of the
trigonometric Fourier series is obtained.

Theorem 2: If £,(8) e BV (0, 7) and{pL Pyyeey p”,...}, {60,800 Gy and {1, 2500 200} aTE
convex sequences satisfying the conditions (8), (9), (10), (11), (12) and (13) of the given main
¢.(2)
Zl(z)
Theorem 3: If £ (6) e BV (0,7) and{p,, Py, By} s {10800 $ovnt AN { 140 Xo1o 2,0} aTE

convex sequences satisfying all the condition of theorem 2 of author (see [21, page 324]) then the
,m>1.

,m>1,

m

theorem then the infinite series >4, (z) is summable‘ﬁ, p,

infinite series > p, (2)¢, is summable‘ﬁ, P,
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