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Abstract: 

Here in, we provide evidence of three theorems about a special case of the absolute summing-up-

factors of infinite series using much less stringent conditions. Some particular results on various 

absolute summability approaches also been produced. The papers [7], [21], and [22] serve 

inspirations for our work. 
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Introduction: 

Let  p  be a sequence of non-zero constants, real or complex with R  as its non-vanishing th  

partial sum much that 
0 1 ...R p p p= + + + →  as →  where 

1 1 0R p− −= =   

 (1) 

Let V  denote the th ( ),N p  means of the sequence    of partial sums of a given infinite series 

u  defined as 

0

1
v

g

V p
R


=

=            (2) 
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following author [1], we defined that the series u  is summable ,
m

N p  where 1,2,3,...=  

if 

1

1

1

m

mR
V V

p

−


−

=

 
−   

 
          (3) 

and it is summable , ;
m

N p   

where   is a non-negative real number and 1k   if (see [2]-[7]) 

1

1

1

.

m m

mR
V V

p

 + −


−

=

 
−   

 
         (4) 

(1) If 1p =   then ,
m

N p  is same as ,1
m

C . 

(2) If 1m =  then ,
m

N p 
   boundedness is same as ,N p 

   boundedness 

(3) If 0 =  and 1, , ;
m

m N p = is same as ,
m

N p  where 1m =  

(4) If 
1

, 1
1

p m= =
+

 and 0 =  then , ;
m

N p   is equivalent to , log ,1R . 

Many works dealing with matrix summability of Legendre series, N𝑜̇̈rlund series, Fourier- 

Laguerre series,  

Borel summability, and ultraspherical series have been done in [24-33]. 

Known results: 

Some works on absolute summability and absolute matrix summability of infinite series and 

Fourier series have been done [8, 10, 11-20]. In 1972, author [9] proved the following theorem on 

,1
m

C  summability factors of an infinite series. 

 

Theorem A: If  1 2, ,.., ,...    is a convex sequence such that 

1 2 ... ...
1 2

 
+ + + +   , and 
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( ) ( )
1

log , 1

m

g

g

O m
g



=

=           (5) 

then the infinite series u   is summable ,1
m

C . 

Theorem B: Let  1 2, ,..., ,...   be a convex sequence such that 
R


  is bounded. 

Let  2, ,..., p ,...p p  be positive, monotonic decreasing sequence of constants real or complex 

such that 
1 2 ...R p p p= + + + →  as → . 

Let  1 2, ,..., ,...    be positive increasing sequence and ( )M z  be a positive non-decreasing 

function of z  such that 

( ) ( )2

1

1
. 1g g g g

g g

R M R O 
=

 
 =  

 
         (6) 

and for → ,  

if ( )( )
1

g

g g

O M R
R




=

=          (7)  

as → , then the infinite series 
u


  is summable  

, , 1
m

N p m  . 

Main theorem: 

Our aim is to generalized the above theorem by establishing the following theorem. 

Theorem 1: Let  1 2, ,..., ,...    be a convex sequence such that 
R


  is bounded. 

Let  1 2, ,..., ,...p p p  be a positive monotonic decreasing sequence of constants and  

1 2 ... pR p p= + + + →  as →  satisfying the condition  
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( )R O p= , as → .         (8) 

Let  1 2, ,..., ,...    be a positive increasing sequence and ( )M z  be a positive non decreasing 

function of z  such that  

( ) ( )1M R O =           (9) 

( ) ( )2

1

1g g

g

gM R O
=

 =          (10) 

and ( )
1

g g g

g

g M R 
=

 . ( )2 1
1

g

O


 
 =  

 

, as →      (11) 

if 
1

1

1
g

g

a g b
=

=
+
           (12) 

( )
1

1

m
mg

g

g

R
a O M R

p





−

=

 
=     

 
 , as →       

 (13) 

and 

11

1
1

1 1
. .

mm

g g

g g g

R R
O

p R p p

 −−


−
= 

   
 =          

  then the infinite series 
u 


  is summable 

, ;
m

N p   for 1, 0m   . 

Lemma: Under the conditions on (8) and (9) of the our main theorem, we have 

( ) ( )
1

1 ,
k

M R O
=

= →          (14) 

( )
1

M R 


=

             (15) 

( ) ( )
1

1M R O


=

 =  as →         (16) 
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( ) ( )1k kKM R O =  as →                      

(17) 

( ) ( )
1

1
k

M R O
=

=  as →         (18) 

Proof of the theorem 1: 

Let    be the sequence of ( ),N p  means of the infinite series 
b 


 . 

Then by definition, we have 

0 0

1 u
p

R


 


  




= =

=    

( )1

0

1 u
R R

R

 
 

 




−

=

= −          (19) 

Then for 1 , we get 

1 1

11

p u
R

R R

 


 


 


− −

=−

 
− =  

 
 , 

by applying Abel’s transformation 

( )1
1

1

11 .

Rp

R R

 

 


 

 

−
−

−

=−

− =  . 
1 1

.
p

u u
R



 
 


 

= =

+   

( ) 1

11 1

1 1
. .

p a p ap p
R

R R R R R

   

 

  

   

−

=− −

+    +
= − +    

   
 .

1
1

1 1

1 1
.a R a

 
 



  

−
+

= +

+
+  

,1 ,2 ,3 ,4   = + + + , (using (12)).       (20) 

We have to show that 

1

,

1

.

m m

m

j

R

p





+ −


=

 
  

 
  (Using the help of Murkowski’s inequal it’s for 1,2,3j =  and 4).

 (21) 
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Now, we first consider
,1 , we have  

( )
1

,1

1

. 1

m m
r

mR
O

p





+ −

=

 
= 

 


1 1

1

. . .

m m
r

mR
a

p



 

 

− −

=

 
 
 

  

( )
1

1

1 .

m
r

mR
O a

p







−

=

 
=  

 
  

( )
1

1

1 1

1 .

m
r

mR
O a

p






 





−
−

= =

   
=     

  
  ( )

1

1

1 . .

m
r

mR
O a

p







−

=

 
+  

 
  

( ) ( ) ( ) ( )
1

1

1 1
r

r
r r

r

O M R O M R
 

 
 

−

=

 
=  + 

 
  

( ) ( ) ( ) ( ) ( ) ( ) ( )
1 1

1 1 1
r r

r rO M R O M R O M R  
= =

=  + +   

( )1O= , as r → (using the conditions (9), (13), (14), (15)     (22) 

and Abel’s transformation (see [21, 22]).         

For ,2 , 

Applying Holder’s inequality, including indices m  and 1m , 

1

1 1
1

m m
+ = , we have 

( )
1 1

1 1

,2

2 2 1

1
. 1 . .

m m m
r r

mR R
O

p p R

 



+ − −
+ +

= = −

   
=   

   
 

1
1 1

1 1

. .

m
m

m

vp a p
 

 





−
− −

= =

  
 
  
   (See [21, 22]) 

( )
1 1

1

1 1 1

1
1 . .

m m
r r

m R
O p a

p R



 
 

  

 

 

− −
+

= = + −

 
=  

 
   

( )
1

1

1 .

m
r

mR
O a

p



 


  





−

=

 
=  

 
  
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( )1O= , as r →  (using the conditions of our theorem and lemma).   

 (23) 

Further, we consider
,3 , 

( )
1 1

1 1

,3

2 2 1

1
. 1 .

m m m
r r

m

m

R R
O

p p R

 



+ − −
+ +

= = −

   
=   

   
 

1

1

m

p a
 

 





−

=

   
  
   

  

( )
1

1 1

2 11

1
1 . .

mm
r

m

R
O p a

p R




 

 






−
+ −

= =−

     
=    

     
   

( )
1 1

1 1 1

2 1 11 1

1 1
1 . . . .

mm m
r

mR
O p a p

p R R




  

 






− −
+ − −

= = =− −

       
=         

       

    

( )

1 1
1

1 1 1

1
1 . . . .

m m
r r

m R
O p a

p R



 
 

  

 


 

− −
+

= = + −

       
=         

      
   

( )
1

1

1 .

m
r

mR
O a

p



 


  






−

=

   
=    

   
  

( ) ( )
11

1

1 1 1

1 1
1 . 1 .

mm
r r

m mr

r

RR
O a O r a

p p





  

   


   

  

−−
−

= = =

        
=  +   +          

       
    

( ) ( )
1

2

1

1

1 1 1
1

r

O   
   

    
  

−

+

=

   
=  +  +  +  

   
  

( ) ( )2

1

1 1 1
1M R O    

  

     
  

+

       
 +   +  +      
       

 

( )
1 1

.r r r r

r

r r M R  
 

   
 +   

   
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( ) ( ) ( ) ( )
1 1

2

1

1 1

1 1
r r

O M R O M R   
 

  
− −

+

= =

=  +   ( ) ( )
1

1

1
r

O M R 


 
−

=

+ 

( ) ( )
1

1

1

1
r

O M R 



−

+

=

+ + ( ) ( )
1

2

1

1
1 .

r

O M R  
 

 


−

=

 
  

 
 ( ) ( )1 .r rO r M R+   

( ) ( )1 .r rO r M R+ , (using [21] and [22]) 

( )0 1= , as r → .          (24) 

For ,4 , 

( )
1 1

1 1

,4

2 2 1

1
1 .

m m m
r r

m

m

R R
O

p p R

 



+ − −
+ +

= = −

   
=   

   
  .

1
1

1 1

m

p a
 

 





−
+

= +

  
 
  
  

( )
1

1

2 1

1
1 .

m
r R

O
p R

 −
+

= −

 
=  

 


1
1

1

1 11 1

1
. .

m m

m
p a p

R


 

 





−
−

+

= =+ −

   
  

   
   

( )
1 1

1 1
1 1

1 11 1 1

1
1 . . . .

m m
r

m R
O p a

p R



 
 

  

 

 

− −
− +

+ +

= = ++ + −

 
=  

 
   

( )
1

1
1

1 1

1 .

m
r

mR
O a

p






 





−
−

+

= +

 
=  

 
  

( )1O= , as r → .          (25) 

Collecting (21), (22), (23) and (24), we get (20). 

This completes the proof of the theorem. 

An application to trigonometric Fourier series: 

Let   be a periodic function with the period 2  and Lebesgue integrable over ( ), − . 

Then ( ) ( ) ( )0

1 0

cos sin
2

a
z a z b z z 

 

= =

+ + =  , 
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( )0

1
a z dz








−

=  , 

( )
1

cosa z z dz








−

=  , 

and ( )
1

sinb z z dz








−

=  . 

Let 
( ) ( )

2

z z   


+ + −
=  

and ( ) ( ) ( )
1

0

g

g g

g
v v dv



   


−
= − , (where 0g  ). 

If 1g =  then 

( ) ( )1

0

1
v dv



  


=  . 

If ( ) ( )1 ,BV     then 

( ) ( )1z O =  where ( )z  is the ( ),1C  mean of the sequence ( ) z  (see [23]). 

By using the above arguments, the following theorems on absolute matrix summability of the 

trigonometric Fourier series is obtained. 

Theorem 2: If ( ) ( )1 0,BV    and 1, 2 ,..., ,...p p p ,  1 2, ,..., ,...    and  1 2, ,..., ,...    are 

convex sequences satisfying the conditions (8), (9), (10), (11), (12) and (13) of the given main 

theorem then the infinite series ( )
( )

( )

z
z

z





  is summable , , 1

m
N p m  . 

Theorem 3: If ( ) ( )1 0,BV    and 1 2, ,..., ,...p p p ,  1 2, ,..., ,...    and  1 2, ,..., ,...    are 

convex sequences satisfying all the condition of theorem 2 of author (see [21, page 324]) then the 

infinite series ( )p z   is summable , , 1
m

N p m  . 
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