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Abstract

Let A:V(Q)—{1, 2,..., z} be a mapping of vertices of a graph Q. Let S(x)denote the
sum of labels of the neighbors of the vertex x in Q. If vertex x has degree zero, we put
S(x)=0. A mapping 4 is categorized as lucky labeling if S(x)=S(y) for every pair of
adjacent vertices x and y. The lucky number of graph Q, denoted by 7 (Q), is the least
positive integer z used to label vertices to form lucky labeling. In this paper, we
demonstrate that different families of comb graph and snake graph are lucky labeled
graphs. We also calculate the exact value of the lucky number forthe aforementioned
graphs.

Keywords: Comb graphs, lucky labeling, lucky number, lucky labeled graph, snake
graphs, triangular snake, alternate triangular snake.
Mathematics Subject Classification:05C78.

1 Introduction
Graph labeling is a fascinating area of mathematics that has several real-life applications
across various domains. Labeled graphs are used to model scenarios in game theory,
help-ing to analyze strategic interactions and decision making processes. This concept
finds applications in environmental modeling to study ecosystems, pollution
spreading, environmental impact assessments. Additionally, it plays a significant role in
various ma-chine leaning tasks such as graph-based semi-supervised learning, clustering,
pattern recognition. Among the types of labeling, one particular type is lucky labeling,
which we discuss in this paper. Lucky labeling concepts can be related to the efficient
routing of data in communication networks. Lucky numbers, a concept derived from
graph theory, have various applications in different contexts within the field. Lucky
numbers are used in design and optimization of communication networks, transportation
systems. This con-cept is helpful in finding efficient routes, minimizing congestion,
improving overall network performance. Lucky numbers can be part of optimizati
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algorithms that aim to find solutions to combinatorial optimization problems in graph
theory, such as finding the shortest paths or maximum flows in networks.

In this paper, we consider undirected, finite and simple graphs with vertex set V() and
edge set E(Q2). In 1966, graph labeling was invented by Rosa in his paper [15]. The most
recent Gallian survey [5] indicates that significant work has been devoted to the study of
graph labeling. Finding the lucky number of a given graph, however, is a difficult task
because it must be proven that there is no lucky labeling with fewer numbers. Czerwinski
et al. [4] gave important results about lucky labeling of different graphs in 2009. Two
years after Czerwinski’s research, Akbari et al. established different useful results
regard-ing lucky choice number in their paper [3]. After the span of a year, Ahadi et al.
[2] found lucky number of planar graphs. In 2014, Murugan et al. showed that path
graph, cycle graph and crown graph admit lucky labeling in their paper [13]. Because of
motivation from other authors who were developing useful results regarding lucky
number, Kujur et al. computed the lucky number for different families of bloom graph
in their work [12]in 2017. After the lapse of one year, Irudhaya et al. computed lucky
number of some star related graphs [8]. In 2021, Sateesh Kumar et al. [16] proved
that various familiesof quadrilateral snake graph admit lucky labeling. In the same year,
Philomena et al. established the fact that lucky labeling is applicable on shell graphs,
bow graphs, wheel graphs in [14]. In 2022, Kumar et al. determined the lucky number of
jewel, comb, fan graphs [9], computed the lucky number of triangular graphs [10],
calculated the lucky number for jellyfish, cocktail party, crown graphs in their paper
[11]. In 2023, one year after Kumar’s research, Ashwini et al. [1] determined the
lucky number for complete graphs and complete bipartite graphs, also examined the
variation in lucky numbers through the addition of graph Q with K, and the removal
of an edge from Kn. In 2020, Zhang et al. [17, 18] introduced new families of comb
graph, namely comb graphs Caw, Cdw, Cew, Cfw and Cgw. They also determined the
edge irregularity strength of these new families of comb graph. In 2022, Imran et al. [7]
introduced two new families of comb graph, comb graph Cty and Chyw, proved that comb
graphs Caw, Cdw, Ctw, Cfw and Chy, are cordial graphs. In 2022, Imran et al. [6] proved
that some families of snake graph are cordial graphs.

Due to the wide range of labeling applications and motivated by the research efforts of
previous scholars, we applied lucky labeling into the context of this paper. we found the
exact value of lucky number of graphs such as comb graphs Cfw, Cgw, Chw, triangular
snake graph with and without pendant edges, alternate triangular snake graph with
pendant edges.

2 Preliminaries
Now, we provide several fundamental definitions that are utilized within this paper.

Definition 2.1. Graph labeling is the procedure of assignment of integers to the
elementsof a graph Q. Here, by elements of a graph Q, we refer to its edges or vertices.

Definition 2.2. If a graph admits lucky labeling, then it is known as a lucky
labeledgraph.
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Definition 2.3. An edge is categorized as pendant edge if one of its vertices has
degreeone.

Definition 2.4. First we define general definition of comb graph, let us consider a
path graph Py, having w>1 vertices and (w-1) edges. The comb graph Chy is defined by
PwOK1. It has 2w vertices and 2w-1 edges. There are many types of comb graph which
are discussed in this paper, such as comb graphs Cfy, Cgw and Chy,.

3 Main Results

Comb graph Cfy

[7, 17] Comb graph Cfw, w>2, can be constructed by vertex set
V(Cf,)={j;1<v<71<r<w} and edge set

E(Cf,)={i;i; 1< r<w-I{ J{j/ iy 1<r<w1<v<6}

Theorem 3.1. Comb graph Cfy is a lucky labeled graph with #(Cfw)=2.

Proof. To establish that the comb graph Cfw possesses a lucky labeling and to determine
its corresponding lucky number, define a vertex labeling A:V(Cfw)—{1, 2, 3,..., z} as

follows:
If wis odd
i(jr)z{l’ _|fv=1,7;1£rsw,odd
' 2, if2<v<6;1<r<w,odd
ﬂ(jf):{l’ | if v=152<r<w-1even.
Y 2, ifv=234,6,7:2<r<w-1even

Now we evaluate the sum of neighbour vertices denoted by p(j") as follows:
2 ifv=17,1<r<w

u(jy)=43 ifv=261<r<w

4 ifv=351<r<w.

6 ifv=4,r=1Lw

7 ifv=4;2<r<w-1even
8 ifv=4;3<r<w-2,0dd.

u(iy) =

1(2) 1(2) 1(2) 1(2) 1(2)
2(3) 2(3) 2(3) 2(3) 2(3)
2(4) 2(4) 2(4) 2(4) 2(4)
26)  L27)  l2(8) 2(7) 2(6)
2(4)  @1(4) 2(4)  1(4) 2(4)
2(3) 23) ¢203) 2(3) 2(3)
1(2) 2(2) 1(2) 2(2) 1(2)

Figure 1:Lucky labeling on comb graph Cfs.
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If wis even
/1(j’)={1 if v=17;1<r<w-1,0dd

' 2 if2<v<6;1<r<w-1o0dd.
/1(j’)={2 if v=2,3,4,6,7;2 <r <w,even

Y 1 if v=152<r<w,even.
Now we evaluate the sum of neighbour vertices denoted by u(j") as follows:
2 ifv=17,1<r<w
u(jy)=43 ifv=261<r<w
4 ifv=351<r<w.
6 ifv=4r=1
5
7
8

(i - ifv=4r=w
Hlly)= if v=4:2<r<w-2even

ifv=4;3<r<w-1o0dd.

2(3) 2(3) 2(3) 2(3) 2(3) 2(3)

1(2) 22)  ¢l(2) 22) ¢l(2) 2(2)
Figure 2:Lucky labeling on comb graph Cfe.

We see that S(x)#S(y) for every pair of adjacent vertices x and y. Hence comb graph
Cfw is a lucky labeled graph. We observe that all vertex labels are at most 2, which
implies that there cannot be a lucky number less than 2, 2 is least label for which Cfy
admits lucky labeling. Consequently, we can deduce that (Cfy)=2. This brings us to the
end of the proof.m

Comb graph Cgw
[17] Comb graph Cgw, (W=>3, odd), can be constructed by vertex set

V(Cg,)={i;1<v< r+1,13rsg1} U{jv’;[g]<r£w,1sv3w—r+2} and edge set

ao [w
E(ng):{jlrj1r+1;1grSW—l}U{j‘:jJﬂ;lSI’S’Vg—l,lﬁvﬁl’} U{Jv Jv+11’75—‘<rSW,1SVSW—r+1}.
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Theorem 3.2. Comb graph Cguw is a lucky labeled graph with #(Cgw)=2.

Proof. To establish that the comb graph Cgw possesses a lucky labeling and to determine

its corresponding lucky number, define a vertex labeling 1:V(Cgw)—{1, 2, 3,..., z} as

follows:

If r is odd

1 ifl<v<r+lodd;1<r< w1,odd

A(5y) =
2 if2<v<r+leven;1<r< 5

w
— <

E
(ﬂ,odd.
1 Hlsvsw—r+Lomt[2 r <w,odd
A(3)) = w

2

2 if 2£vsw—r+2,even;{ -|<I“SW,0dd.

If riseven

1 if2<v<r+leven;2< rs[g—‘,even

A(Jy) = w
2 if1SVSr+l,odd;23rs(g—‘,even.
) w
1 |f2£vsw—r+2,even;[——‘<rsw,even.
. 2
A()y) = _

2 ifl<v<w-r+1o0dd; g—‘<r§w,even

Now we evaluate sum of neighbour vertices denoted by p(j") as follows:

1 ifv=r+l;1§rs[g

u(iy) =
1 ifv:w—r+2;[gW<r3w.
If r is odd
4 ifv=Lr=1w
. 6 if v=1,3<r<w-2,odd
#() = 2 if2<v<w-r,even;3<r<w,odd
4 if3<v<w-r+10dd;3<r<w,odd.
If r is even

3 if v=12<r<w-1even
u(jy)=14 if2<v<w-r+leven;2<r<w-1even
2 if3<v<w-r,odd;2<r<w-1even.
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1(4) 2(3) 1(6) 2(3) 1(6) 2(3) 1(6) 2(3) 1(4)

Figure 3:Lucky labeling on comb graph Cgo.

We see that S(X)#S(y) for every pair of adjacent vertices x and y. Hence comb graph
Cgw is a lucky labeled graph. We observe that all vertex labels are at most 2, which
implies that

there cannot be a lucky number less than 2, 2 is least label for which Cgw admits

lucky labeling. Consequently, we can deduce that #(Cgw)=2. Wehave now reached the
conclusion of the proof.m

Comb graph Chy
[7] Comb graph Chy, (w>2, even), can be constructed by vertex set
V(ChW)z{jvr;lsvs&lsrsw,odd}U{jvr;Zsrsw,even,lsvs4} and edge set

E(Ch,) ={i/jis1<r<w,odd,1<v <2} [j/i.;2<r<w.evenl<v<3Y J{j/jj"1<r<w-1}.

Theorem 3.3. Comb graph Chy is a lucky labeled graph with #(Chw)=2.

Proof. To establish that the comb graph Chy possesses a lucky labeling and to determine

its corresponding lucky number, define a vertex labeling A:V(Chw)—{1, 2, 3,..., z} as
follows:

/I(jr):{l if v=2;1<r<w-1,0dd
! 2 ifv=131<r<w-1o0dd
A = 1 ifv=13,2<r<w,even

! 2 ifv=2,4;2<r<w,even.

Now we evaluate the sum of neighbour vertices denoted by p(j"), as follows:

(i = 4 ifv=21<r<w-10dd
HI =0 ifv=31<r<w-1odd.
2 ifv=2;2<r<w,even
1

u(ly) = if v=32<r<w,even

if v=4;2<r<w,even.
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2 ifv=Lr=1
. 4 ifv=Llr=w
u(jy) =

6 ifv=12<r<w-2even
3 ifv=13<r<w-1o0dd.

2(2) 1(6) 2(3) 1(6) 2(3) 1(4)

1(4) 22) 14) 2(2) 1) 2(2)
2(1) 1(4) 2(1) 1(4) 2(1) 14)

2(1) 2(1) 2(1)
Figure 4:Lucky labeling on comb graph Che.

We see that S(x)#S(y) for every pair of adjacent vertices x and y. Hence comb graph
Chy is a lucky labeled graph. We observe that all vertex labels are at most 2, which
implies that there cannot be a lucky number less than 2, 2 is least label for which Chy
admits lucky labeling. Consequently, we can deduce that #(Chw)=2. It completes the
proof.m

Triangular snake graph Tw

[6] Triangular snake graph Tw can be obtained by replacing each edge of path graph
Pw,(w>1), by a triangle Cs. It is constructed by vertex set V(Tw)={jv;1<v<w-1}\U
{kv:1<v<w} and edge set E(Tw)={kvkv+1:1<v<w-1} {juky:1<v<w-1}.

Theorem 3.4. Triangular snake graph Tw, w>1, is a lucky labeled graph with

) [3 ifw=2
T =19 otherwise.
Proof. If w=2

To establish that the triangular snake graph T» possesses a lucky labeling and to
deter-mine its corresponding lucky number, define a vertex labeling 1:V(T2)—{1, 2, 3,...,
z} as follows:

ﬂ.(jl):l.

A(kv)=v+1, 1<v<2.

Now we evaluate the sum of neighbour vertices denoted by p as follows:

H({1)=5.

H(ky)=5-v, 1<v<2.
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1(5)

2(4) 3(3)
Figure 5:Lucky labeling on triangular snake graph To.

We see that S(x)#S(y) for every pair of adjacent vertices x and y. Hence triangular
snake graph Tz is a lucky labeled graph. We observe that all vertex labels are at most
3, which implies that there cannot be a lucky number less than 3, 3 is least label for
which T> admits lucky labeling. Consequently, we can deduce that 7(T2)=3.
If w>2, odd
A(v)=1, if 1<v<w-1.

2 if 1<v<w,odd
Ak) =1, .

1 if 2<v<w-1even.
Now we evaluate the sum of neighbour vertices denoted by p as follows:
u(j,)=3if1<v<w-1

2 ifv=1w
ulk,)=<6 if 2<v<w-1even

4 if 3<v<w-2,0dd.

13) 13 18 13 108) 13)

22) 16) 24) 16) 24) 16) 2(2)
Figure 6:Lucky labeling on triangular snake graph Tv.

If w>2, even

. 1 ifl<v<w-2
A(),) = .
2 ifv=w-1.

1 if 2<v<w,even
Ak =4, .
2 ifl<v<w-1o0dd.
Now we evaluate the sum of neighbour vertices denoted by p as follows:
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2 ifv=1
4 ifv=w
ulk,)=1<5 ifv=w-1

6 if2<v<w-2even
4 if 3<v<w-3,0dd.

220 16 24) 16) 205 14)
Figure 7:Lucky labeling on triangular snake graph Te.

We see that S(x)#S(y) for every pair of adjacent vertices x and y. Hence triangular
snake graph Tw is a lucky labeled graph. We observe that all vertex labels are at most
2, which implies that there cannot be a lucky number less than 2, 2 is least label for
which Ty admits lucky labeling. Consequently, we can deduce that #(Tw)=2. This
concludes our proof.

Finally, we can say that:

(T)= 3 ifw=2
Tl =99 otherwise.

Triangular snake graph with pendant edges Tw
[6] Triangular snake graph Tw, (w>1), with pendant edges can be constructed by

vertex  set  V(T,)={j,. k;l<v<w-1{ J{I, m;l<v<w} and edge  set
E(T,) ={ik;1<vsw- Jk\;1<vsw-I kI, ;1<v<w-1}
U ot<sv<sw-1 {I,m;1<v<w

Theorem 3.5. Triangular snake graph Tw with pendant edges is a lucky labeled graph

Proof. To establish that triangular snake graph T with pendant edges possesses a lucky
labeling and to determine its corresponding lucky number, define a vertex labeling
A V(Tw)—{1, 2, 3,..., z} as follows:
If wis odd
AQv)=1, if 1<v<w-1.
Alky)=2, if 1<v<w-1
A(V)=1,if 1<v<w.

{2 if 1<v <w,odd
A(m,) =

1 if 2<v<w-1even.
Now we evaluate the sum of neighbour vertices denoted by p as follows:
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H(v)=2, if 1<v<w-1.
u(ky)=3, if 1<v<w-1.
7 if2<v<w-1even

u(l,)=<8 if3<v<w-20dd
5 if v=1w.

1(2) 1(2) 1(2) 1(2) 1(2) 1(2)

2(1) 1(1) 2(1)

2(1) 1(1) 2(1) 1(1)

Figure 8:Lucky labeling on triangular snake graph Tz with pendant edges.

If wis even
A(v)=1, if 1<v<w-1.
Alky)=2, if 1<v<w-1.
A(V)=1,if 1<v<w.
2 ifl<v<w-1o0dd
A(m,) = .
1 if 2<v<w,even.
Now we evaluate the sum of neighbour vertices denoted by p as follows:
H(jv)=2, if 1<v<w-1.
M(ky) = 3; If 1<v<w-1.
7 if2<v<w-2,even
()= 8 if3<v<w-1o0dd
ST if v=1
4 if v=w.
H(my) =1; if 1<v<w-1.

Figure 9:Lucky labeling on triangular snake graph Te with pendant edges.
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We see that S(x)#S(y) for every pair of adjacent vertices x and y. Hence triangular
snake graph Tw with pendant edges is a lucky labeled graph. We observe that all
vertex labels are at most 2, which implies that there cannot be a lucky number less
than 2, 2 is least label for which Ty admits lucky labeling. Consequently, we can
deduce that #(Tw)=2. It completes the proof.m

Alternate triangular snake graph with pendant edges ATw
[6] Alternate triangular snake graph ATw, w>4, with pendant edges can be constructed

by vertex set V(ATW)={jv,kv;1svSW—Z}U{Iv,mV;lsvSW} and edge set
E(AT,) ={jk; 1<sv<w—-2{ J{k I ;1<v<w-2}
Ukt <v<w—2] I, s1<v<w—IH J{I,m,;1<v<w}

Theorem 3.6. Alternate triangular snake graph ATw with pendant edges is a lucky
labeled graph with #(ATw)=2.

Proof. To establish that the alternate triangular snake graph ATw with pendant edges
possesses a lucky labeling and to determine its corresponding lucky number, define a
vertexlabeling A:V(ATw)—{1, 2, 3,..., z} as follows:
If w>4, (odd)
A(v)=1, if 1<v<w-2.
Alky)=2, If 1<v<w-2.
A(V)=1, if 1<v<w.
2 if1<v<3

A(m) = 2 ifw-2<v<w
711 if4<v<w-3even
2 if5<v<w-4,odd.

Now we evaluate the sum of neighbour vertices denoted by p as follows:
H(jv)=2, if 1<v<w-2.
M(ky)=3, if 1<v<w-2.

5 ifv=1lw
()= 6 ifv=2,w-1
AW =8 if3<v<w-2 0dd

7 if4<v<w-3even.
H(my) = 1; if 1<v<w-1.
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1(2) 1(2) 1(2) 1(2) 1(2)

2(1 1T 20) 201) 2

2(1) 2 ()
Figure 10:Lucky labeling on alternate triangular snake graph ATz with
pendant edges.

If w>4, (even)
A(v)=1, if 1<v<w-2.
Alky)=2, If 1<v=<w-2.
A(V)=1,if 1<v<w.

2 if1<v<3

2 if w-1<v<w
A(m,) =< .

1 if4<v<w-2even

2 if5<v<w-30dd.
Now we evaluate the sum of neighbour vertices denoted by p as follows:

H(v)=2, if 1<v<w-2.
M(ky)=3, if 1<v<w-2.
5 if v=1lw

(1) = 6 ifv=2,w-1
' 8 if3<v<w-30dd
7 if4<v<w-2even.
H(my) =1; if 1<v<w-1.

2(1) 2 21 1) 2 2(1)
Figure 11:Lucky labeling on alternate triangular snake graph ATe with
pendant edges.
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We see that S(x)#S(y) for every pair of adjacent vertices x and y. Hence alternate
triangular snake graph ATw with pendant edges is a lucky labeled graph. We observe
that all vertex labels are at most 2, which implies that there cannot be a lucky number
less than 2, 2 is least label for which AT, admits lucky labeling. Consequently, we
can deduce that #(ATw)=2. It completes the proof.=

4 Conclusion

In this study, we demonstrated that comb graphs Cfw, Cgw, Chw, along with different
families of snake graphs, admit lucky labeling. Additionally, we have successfully
determined the exact value of lucky number for the aforementioned graphs. Our findings
not only contribute to the existing body of knowledge in the field but also shed light
on the underlying properties of these graphs. Through rigorous analysis and
computation, we have established a clear understanding of their unique characteristics.
This research not only adds to the current literature but also opens avenues for further
exploration and deeper insights into the realm of graph theory.
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