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Abstract

Our focus in this article is to consider the axisymmetric deformation of an incompressible,
isotropic thick-walled circular cylindrical shell. This neo-Hookean elastic shell is subjected to
combined axial loading and internal pressure. For finding the rate of change of the inner radius
(A4 = a/A) and the outer radius (1, = b/B), concerning the variations of the wall thickness
(A/B) for different mode numbers and axial stretches, the incremental equilibrium equations
derived by Haughton and Ogden are solved with the asymptotic WKB method, (where A and
B are the un-deformed and a and b are the deformed inner and outer radii respectively). The
graph of the eigenvalues which shows the radius changes concerning the changes of the wall
thickness has been plotted. Our derived asymptotic results are shown to agree with the
counterpart data obtained by using the numerical compound matrix method.
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1. Introduction

To check that any elastic structure becomes unstable or not under excessive loads a
linear stability analysis should be applied. Using the normal mode in such analysis results
always in an eigenvalue problem, the solution of which gives a bifurcation condition. The
eigenvalues problems except for a few simple problems usually have to be solved by a full

numerical integration. As the mode number increases, integration becomes difficult for such
problems.

The asymptotic WKB method has been widely applied to the buckling and stability
analysis of elastic problems with different geometries. The asymptotic results may also be
applied to validate the numerical code or can be used as the initial guess in fully numerical
integrations. The stability of cylindrical tubes has been analyzed numerically and
asymptotically by different researchers. Wilkes [21], initially considered the stability of a
circular tube under end trust and showed that the linear system around a finite axial strain can
be solved exactly in terms of the Bessel functions. Green and Spencer [6] considered the
stability of the same tube under finite extension and torsion. Sierakowski et al. [20] have
investigated the axisymmetric modes of deformation of a neo-Hookean elastic tube subjected
to internal pressure and axial compression. The detailed results of Haughton and Ogden [9] are
about the bifurcation of a circular cylindrical membrane tube subjected to the combined axial
loading and internal pressure. In part 11 of this series, Haughton and Ogden [10] considered the
prismatic, axisymmetric, and asymmetric bifurcations for the Three-Term strain energy tubes
of finite wall thickness under axial tension and compression combined with internal

Volume 48 Issue 1 (March 2024)
https://powertechjournal.com



mailto:sanjarani@math.usb.ac.ir
mailto:msanjarani@yahoo.co.uk

- . Power System Technology

Y’ ISSN:1000-3673

Accepted: 07-03-2024 Revised: 12-02-2024 Received: 16-01-2024
external pressures. The fourth—order Runge—Kutta method has been applied for the solution of
the eigen-value problem. For the first time, Fu [3] applied the WKB method on solving the
finite elastic eigen-value problems. He considered the asymptotic bifurcation analysis of a neo-
Hookean spherical elastic shell of arbitrary thickness under external pressure. Both Fu and
Sanjaranipour [5] and Fu and Lin [4] respectively applied this method to the stability analysis
of Varga and neo-Hookean everted cylindrical tubes. Haughton and Chen [8] used the same
method for the bifurcation analysis of an everted cylindrical shell for both compressible and
incompressible VVarga materials. The buckling condition for Varga cylindrical shell of arbitrary
thickness also has been analyzed by Sanjaranipour [16].

A more general bifurcation description of thick-walled tubes subjected to the combined
axial loading and external pressure has been analyzed by Zhu et al. [22]. They analyzed the
asymmetric bifurcation and solved the eigenvalue problem by Adams-Moulton method for a
specific elastic material. Coman and Destrade [2] employed the WKB method for solving the
problem of pure bending of a neo-Hookean elastic rubber block. Sanjaranipour et al. [19 solved
the elastic eigen-value problem of a Varga cube under the bifurcation criterion and obtained
the bending angles. Sanjaranipour and Irandegani [18] analyzed the axisymmetric bifurcation
of a Three-term elastic cylindrical shell under axial loading and external pressure by Adams-
Moulton method and Compound Matrix method. Abdulalian and Sanjaranipour [1] considered
the deformation of a circular cylindrical tube under rotation about its axis for two cases i.e.
with and without the axial force and obtained the angular speed as a function of an azimuthal
deformation parameter for the neo-Hookean strain energy function. Liu [12] used the WKB
method for obtaining the eigenvalue results from the deformation of a circular cylindrical shell
under finite pressure and fixed outer radius and for high mode number. They found that the
WKB results are coincident with the numerical data for the high mode numbers. Omugbe et al.
[14] used the WKB method to solve the Schrodinger equation with the Killingbeck potential
plus an inversely quadratic potential (KPIQP) function. They obtained the energy eigenvalues
and the mass spectra of the heavy and heavy-light mesons systems. Sahu and Nirwal [15] used
the WKB method for the propagation of Love-type surface waves in a smart composite
structure involving functionally graded piezoelectric material (FGPM). They derived
Frequency equations for electrically and magnetically open and short circuit cases. Gristchak
et al. [7] analyzed the stability of a 3-layered conical elastic shell which is under the combined
loading.

They solved the six-order differential equation by WKB method compared the obtained
results with the numerical data and observed a good agreement.

Our main focus in this work is to solve the system of equations (by using the system
form of the WKB method [16]). To validate our obtained asymptotic solution we also solved
the eigenvalue problem by using the Compound Matrix method. Comparing the results of the
mentioned methods shows excellent agreement. Finally, the graph which shows the changes in
the radius concerning the changes in the wall thickness has been plotted. For the numerical
finding, we used Fortran 90 programming (Metcalf et al., [13]) and to obtain the asymptoti
solutions, the Mathematica software has been employed.

Volume 48 Issue 1 (March 2024)
https://powertechjournal.com




- » Power System Technology

Y 1SSN:1000-3673

Accepted: 07-03-2024 Revised: 12-02-2024 Received: 16-01-2024
2 The finitely-deformed circular cylindrical configuration

It was hypothesized that the thick-walled cylindrical shell is defined by Haughton and Orr [11]
as:

A<R<B 0<0<2r0<Zc<I, 1)
where, R, 0 and Z are the cylindrical polar coordinates, A and B are the inner and outer radii
of the shell respectively and L is the length all in an un-deformed configuration. The initial
deformed configuration of the cylindrical shell under the action of the axial loading and internal
pressure is assumed also to be a circular cylindrical shell with the following geometry:
a<r<bh0<0<2m0<z<], 2)
where, r, 8 and z are the cylindrical polar coordinates, a and b are respectively the inner and
outer radii and [ is the length of the shell in the current configuration. Since the material is
incompressible, the deformation is described by the following equations:
r2=2,%(R?-4%)+a% 60=06, z=1,7, (3)
where, 1, (= I/L) is the axial extension (stretch) uniform ratio. We use e,, e, and e to denote
the unit basis vectors corresponding to the coordinates (8, z, ) respectively and let 1;, 1, and
A3 be the corresponding principal stretches. In view of the relation (3); and the
incompressibility constraint det(F)=1,1,15= 1, we have:
Ay =2y A =7/R, A3 = (LA)7H, 4)
where F is the deformation gradient and R = /A2 + 1,(r2 — a?). Given (4), the eigenvalues
are defined by A4, =a/A and A4, = b/B. For incompressible material, the equilibrium equations

reduce to the following single equation:
do33

r—. to3—011=0, (%)
and we have the associated boundary conditions as

-p r=a,
033 = { 0 r=n, (6)

where, p denote the internal hydrostatic pressure and also the principal Cauchy stretches are
given by:

aw

Gi"=0i_p=/1‘a;ti_p’i=1’ 2, 3, @)
and W=W (44, 4,, 43) is the strain-energy function which for the neo-Hookean materials is:
W =2(% + 2"+ 25% = 3). 8)

3 Analysing the Bifurcation criterion
A brief description of the equilibrium equation and the relevant boundary conditions given the
derivation of Haughton and Ogden [10] has been given in the following part. In the absence of
the body forces the incremental equilibrium equations are:

divy =0, 9)
where, div is the divergence operator and y is the increment of the nominal stress, both in the
current configuration. The incremental boundary conditions for the hydrostatic pressure
loading are:
x'n=pVin-pn,
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which is evaluated on the appropriate boundary, where, superscript T denotes the transpose, n
is the unit normal in the current configuration and V is the incremental deformation gradient.
The incremental constitutive law is:

x=BV+pVl—pI, (11)
where B is the fourth-order tensor of instantaneous moduli in the current configuration and I
is the identity tensor. The non-zero components of B for a general isotropic material which has
been given by Haughton and Orr [11] are:

g;—0j
Bijij = A ,1%—_,1% Ai # 4, ]
Biijj = B]]u = Alﬂjm, | ( )

Bijji = Bjiij = Bijij — 0y, 1 % j,)
where, A; and A; (i,j = 1,2,3) are introduced in the previous section. By considering the
incremental displacement u = (u(8,z,7),v(0,z,1),w(6,z71)), the components of V =
grad(ut) are displayed by:
(u+vg)/r v, v,
V= wg /T w, w|, (13)
(ug —v)/r u, u,
where subscripts here denote the partial derivatives. The incremental form of the
incompressibility condition is:
trV)=u, + (u+vg)/r+w, =0. (14)
By using relations (9)-(14) and given the main governing equations of Haughton and Orr
[11], we have:
Po = (rB'3131 + B3131)(ug + 7 v, —v) /7 + (B1111 — B1i2z — Ba112) (U + Veg) /T

+B31217 Vzz + B31317 U + (B1133 — B1122 — B3131 — B2112 + B3113) Ure, (15)
Dz = (r B'3235 + B323z) (Uy + Wy.) /7 + BagzaWyy + Bi12(Weg — 7 U,) /1% 4 (Bagaz —
Bi221 — B1122) Wzz + (Ba23s + B3zzz — Biz21 — Bii22) Uy, (16)

Pr = (r B'1133 = 7 B'3233 — By111 + B1122) (U + ) /12 + Bi313(Ugg — V) /7% + B3pa3Wy,
+(B1331 + B1133 — B2233)Vrg/T + (B3sss — B2a33)Ury + BagasUy, + (1 B'sgss +7p' —
7 B'3233 + B3333 — 2B3233 + B1122)Uy /T, (17)
and by using relations (10), (11), and (14) we obtain the following boundary conditions:
ug+rv,—v =20,

u, +w, =0,
1 (r=a,b)
(Bs333 + p)uy + Bi133 - (u +vg) + Bypzzw, —p = 0.

In order to solve the equations (15)-(17), we apply the following form of solutions:
u = f(r) cos(m 6) sin(a z),
v = g(r)sin(m ) sin(a z), l
w = h(r)cos (m 0) cos (a 2),
p = k(r) cos(m 0) sin(a z),
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where,m (= 0, 1, 2, ...), is the azimuthal mode number. The parameter a and the associated end
conditions can be interpreted in different ways. But here due to equations (18), we may

conclude that the incremental end displacement w should be zero on the ends. This leads to:

nm
a =T, (n = 1,2,3,...),

where n is the axial mode number. To be more precise about n and the relevant parameters, we

refer the reader to the paper of Haughton and Orr [11], Substitution (18) into the

incompressibility condition (14), yield:

rf'r)+fr)+mg(l)—arh(r)=0. (19)
By applying (18) in (15)-(17) and in view of (19), h(r) can be eliminated and finally three

coupled equations for f(r), g(r) and k(r) are obtained as:

(r B'3131 + B3131 + B1111 — Bi122 — B2112)m f(r) + (By133 — Brazz + B3i1z —

Byiiz)mr f'(r) + [r B'3131 + B3iz1 + @?r?Bayag + m?(Byiag — Biizz — B2112)]1 g(r) +

(r B'3131 + B3130)7 g'(r) — B31317%g" (r) —mr k(r) =0, (20)

[ B'3232 — B3azz + M*Biz1p — a?r?(r B'3335 + B3asz — Bizi2 + Biizz + Bizp1 —

B3222)1f (r) — [rB’3232 — B33z — m?Bya12 — @?1?(Baazz — Bazaz — Bazaa)r f'(1) —

7 B'3232 + 2B332)7°f ' (r) — Baasar®f "' (r) + [1 B'3232 — Bsgsz + m?Biaip +

a?1r%(By2z2 — Bi122 — Bi221)Im g(r) — (v B'3232 — Byazz)mr g'(r) — Bazzomr?g”(r) +

a’r3k(r) =0, (21)

(r B'1133 — 7 B'3233 — Bi111 + Br12z + Bazaz — Mm?Biz1z — @?1%Basp3)f(r) + (r B'gzss +

7 D" =7 B'2333 + Bazzz — 2B3233 + B112z — B323)7 f'(r) + (B3zzz — Bazzs —

B3p23)T?f"'(r) + (r B'1133 — 7 B'3233 — B1111 + Bi122 + Bszaz — Biz1z)m g(r) +

(Bi133 — Baa3s + B3z — Bagpz)mr g'(r) —r?k'(r) = 0. (22)

The corresponding boundary conditions on the curved surface are given by:
rg'r)—gr)—mf(r) =0,
r2f"@)+rf'(r) + (@r?2+m? - 1)f(r) =0,
(Bi133 — B2233) (f (1) + m g(1)) + (B3333 —
Byyszs +ao3)r f'(r) —r k(r) =0,
where g5 = ZTW and m is the azimuthal mode number.

3

4 The solution of the eigenvalue problem by WKB method
The following form of the WKB method [5] has been applied for the solution of the eigenvalue
problem (20)-(22) and the relevant boundary conditions for the case of m > 1

il

G } exp(m fars(x)dx), (24)
where,

mK
F=Fy+F/m+ F,/m? + -,
G = GO +Gl/m+62/m2 +"',
K=Ky + K/m+ K,/m? + -,

(r=a,b) (23)
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and F, G, K, and s are functions of r and have to be determined. Substituting (24) and (25) into
the incremental equilibrium equations (20)-(22) and collecting the coefficients of the like
powers of m by using Mathematica, to the leading order, we obtain:
Go(Bi111 — 7°B31318%) — 17 Ky = 0,
Fo(r3B33328° — 1 B12125) + Go(r?B3p325% — Bia12) = 0, (26)
Fo(r?Bs3s33s® — Bizi3) —r?s Ko = 0.

A non-trivial solution for {F,, G,, K,}" requires that the determinant of the coefficient
matrix vanish and we have:
—(1 = 1252)(B1212 — B32327%5%)* = 0,

which yield:
s@ =l, s@ — _1,
v ] i Y 27)
sB® =g = VBiz1z s = g(6) = _ Bi212 . (
7\/B3a3z’ 7/Baz32

Our immediate task is to find six independent solutions for {F, G, K}T. We use
(FO, ¢O, KOY (i=1,..,6) to denote the obtained solutions and assume that the
superscripts here correspond to those in (27).

Corresponding to (25), we have the expansions:
FO = p,@ 4 FO/m 4 5O /mz 4
6O =6y +6,Pm+ 6,0 m?+ -, (28)
KD =KD+ K,P/m+ K,P /m? + .

Given these expansions, relations (26), (fori = 1, ..., 6) becomes:

Go(i)(B1111 - 7'23313152) -r Ko(i) =0, (29)
Fo(l,)(7”333232 §% =7 Biz125) + Go(l')(TZB323252—B1212) =0, (30)
1:0(1)(7’23333352 — By313) —1%s Ko(l) = 0. (31)

By collecting the first-order terms of m from (20)-(22) of course for the non-repeated

roots (27),, yield:
G, =-F,Y -y OO — 3 pr @O
KO = F9sO(=Biz1, + B3zz) (32)

—(B1212 — 3B3232 )F'g @42 Fo¥(Bsgsy + 1 B'3p30) /7.

Given Fu and Sanjaranipour (Fu and Sanjaranipour, 2002) and by substituting (4), (12),
and (27), into the equations (32) and with some simplification by using Mathematica, we
obtained the equation of F, as:

b Gt Q
0 r(Q3 + Q4)

where,
Qy = A* + 24%(—a® +1%) A,
Q, = (a* — 2a%r? + 2r%) 1%,

FREY=0  (i=12),
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Qs = A* + 24%(=2a? + 3r?) 4,

Qs = (a* — 3a%r? + 2r%) 1,°

and the solutions are:

r A2+ (—a? +12)1,

\/AZ — (a? = 2r?)A,

Similarly, by using the same procedure we can find the equations of G, and K, and obtain

respectively the solutions:

) —r AT (—aZ+rO7, _

Go(l) - T,/A':1 Zofz az:;)/l)/1 o (=12,

K,® = —k,® = (1‘12-612/1 Wa2-(a?-2r?) 2,

r2 2,22 +(—a%+12) 2,

By continuing the same procedure, we can easily obtain the functions
F9,6,9 kO FO 6,9 kO (fori = 1,2). Itis necessary to mention that the differential
equations related to the above functions are lengthy and are not necessary to be written down
here.

We now deal with the repeated roots (i.e. for s©® = s(®, s®* = 5(6)) By collecting the
first-order terms of (20)-(22), we obtain the equation of F, as:

2
Fr,® —{ 2r’A, 2} F,® = 0,(i = 3,4,5,6),
A* + A2(—2a? + 3r2)A, + (a* — 3a? r2 + 2r*)4,
where the solutions are:
—(A% + (—a®> +1rH)A,
JA?Z — (a% — 2r2)4,

We have found the equations and the relevant solutions of G,®, k,®, F,®, 6,?©, k,®,
F,9 6,9 k,9 (i = 3,4,5,6) as before. But since are very lengthy (like the previous case)
it is not necessary to be written down here.

Given the results established (for the repeated and non-repeated roots), we are now in the
position to write down the general solution:

f,9.K)" = $8y c{ FL.GL,m K} EY, (33)
where

r
ED = exp <mf si(x)dx>,
a

and ¢;, (i =1,2,...,6) are constants.

By substituting (33) into the boundary conditions (23), we obtain:
Y1l ¢LBLY Y ED =0, (r=ab), (34)
where

¢t = —F® +7rs0 6,0+ (R -6, +7rsP6P +1(G,P))/m+ (-KRY - 6Y
+ rs06,D 4+ rG,D))/m? + -,

F,® = (i=12).

FO(B) = F0(4) = ,FO(S) = FO(G) = O
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B = (1 +7r2(sD)°F,@ + ((r s® +r2(sD) YR, D + 2r2sO (R, Py + (1
+7r2(sNHFED)m + (=1 + r2a?)F® + 7 (F, D) + 2 (F,®)”
+ (rst + rz(s(i)),Fl(i) + 2r2sO(F, (DY 4 (1 + rz(s(i))z) F,®)/m?
+ o,
y (D = 25042 — (a2 — r)A)F, P — r22,%K,D + (25D (42 - (a? — rH)A, YF,D +
2(A2 — (2% — r2) 1) (Fo ) = 122, 2K, D) /m + (25D (A2 — (a2 — r2) &) F, @ + 2(A2 —
(a —r?) ;\Z)(Fl(i))r _ FZAZZKZ(i))/mZ + o
The boundary conditions (34) yield a matrix equation of the form:
Yo 1Mijc;=0, (i=1,2,..6), (35)
where, ¢; (j = 1,2, ... 6) are constants and
M;j = §(j)(a);M2j = B(j)(a)'M?,j = V(j)(a),
My; = EQ(b)sV (b), Ms; = EV (b)BV (b), Mg; = EP (b)Y P (b).
5 Analyse the outer layer eigenvalues

The expansion of equation (35) consists of terms proportional to EX, (j = 1,2, ...,6). For
A—1=0(1),wehaveb —a = 0(1),50 E®, E® and E® are exponentially large, whereas
E(2) E(4) and E® are exponentially small. Hence, we have:

oty ¢W®) OB CM[sP@ P@ @@
—mpea = |BP®) BP®) BO®|(|BP(@ BP(a) BE(a)|+EST,

YOy y®m) yOWIlyP@ v*®@ y©
where EST stands for the exponentially small terms. The matrix equation (35) can be replaced,
with an error that is exponentially small, by the two matrix equations:
BROBSOERSI O
BY®B) P b)) BE(b) {631 =0,
y®P®) yPm) yOmIs
and
@@ W@ Q@]
BP@ BP (@) BO() {%} = 0.
Y@@ y®@ @@l
To obtain the non-trivial solution, we should have:

¢ W@ ¢©@
pP@ BP(a) BO@|=0. (36)
r?@ r®@ r@®@ -

With the help of functions s®@(@), F, Y, D, K, (i=1,2,..,6), and by
substituting a = 1,4 and due to the expansion of (36) of course with the aid of Mathematica
for different A, = (1,2,3,4) and L = 5, we obtain:

Ag = 0.543689 + (0.352201 + 1.30374 X 1071° x A2 )/m, (for 1, =1, L =5)
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g = 0.384446 + (0.249044 + 2.37471 X 10721 x A%2)/m, (for 1, =2, L =5)
Ag = 0.313899 + (0.203343 + 1.04439 x 10718 x A%2)/m, (for 1, =3, L =5)
Ag = 0.271845 + (0.176101 + 1.28674 x 1071° x A2 )/m. (for 1, =4, L =5)

By a similar procedure, we can obtain A, for L = 5,10 and different 1, (=1, 2, 3, 4,
5). By comparing the outer layer asymptotic results with the numerical data, we easily observe
that the results obtained by both methods are coincident of course for the small values of A/B,
but the asymptotic results fail to approximate the numerical data for A/B close to unity. The
eigenvalues 4, and 4, corresponding to A/B close to unity are discussed in the next section.
6 The eigenvalues of the inner layer
Since for small A —1 (i.e. A close to unity), b — a is small and E®, E® and E® arentt
exponentially large and hence, det(M;))/ (E®WE®E®) fail to approximate det (Mj;), therefore
EW, E® and E® become 0(1) and since A — 1 = 0(1/m), all the M;'s become 0(1); so it
IS necessary to write:
A=1+{/m, (37)
where, ¢ isan 0(1) constant and try to find an asymptotic expansion for A, interms of n; (i =
1,2,...) as follows:
Ao =M +1mp/m+n3/m? + -, (38)
where, 14, 15, 13, ..., are to be determined. On substituting the expansions of (37) and (38)
into A, = a/A and A, = b/B, we obtain:
a=n;+n+n)/m~+ (0, +n3)/m?+ -,
b=mn;+ (=C+InA, +mnza,)/(mnid,) + .

By substituting a into (36) and by equating the coefficients of the like powers of m by
Mathematica, to the leading order, det (M;;) yields:

8112 A,(1+n.*21,%)% — 81,24, cosh[{] cosh [77%] (1+n*2,° )2 +
1 z

sinh[{]sinh [

A+ 20mtt emB At + 4n 2L+ io A% = 0. (39)
By solving (39) we obtain n,. Similarly, we can easily obtain the equations satisfied by
1, and n3, by considering the next-order terms, but they are too long to be written out here. For
any given mode number m and any value of A close to unity, the corresponding value of { is
determined by (37). In view of equations satisfied by n,, n,, ns and the relation (38), the value
of A, is determined.
7 Results
The curves of 1, and A, (the eigenvalues) against A/B for different values of 1, and m have
been displayed respectively in Fig. 1 and Fig. 2. We observe that the dependency of 1, and 4,
on A/B have a boundary layer structure such that, the asymptotic results of the outer layer for
any values of A/B and the asymptotic inner layer data corresponding to equation (38) for A/B
close to unity are coincident with the obtained numerical results. Due to increasing the axial
stretch both of the inner and outer radiuses decrease by increasing A, (see Fig. 1 and Fig. 2).
Now we deal with the variations of the inner radius 4, with respect to A/B. By analyzing

Z
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plotted curves, we conclude that for the specific A/B i.e. 0.85 for m = 20 and near 0.8 for m
= 10, the inner radius changes uniformly due to axial stretch. But for the thinner cylinders (as
A/B is close to unity), the effect of the inner pressure is more than the effect of the axial stretch
and this is the case of increasing the inner radius of the cylinder. Also, both of the results i.e.
asymptotic and numerical ones obtained for the thicker shells of course for the higher mode
numbers (m), are also more coincident (i.e. as the cylinder gets thicker the results of the two
methods are getting closer). We noticed from the Fig. 2 that, as the cylinder gets thinner (of
course for a certain amount of A/B), the effects of the axial stretch are more than the inner
pressure applied to the cylinder, so in such a case, the outer radius decreases, but for the
cylinders with very thin layers, the effects of the inner pressure increase and it is clear that the
effect of the axial stretch decreases, (this is true for different cases of Fig. 2). What we described
for A, will appear similarly for A, of course for A/B close to unity.

8 Conclusion

In this research, the eigenvalues result from the asymmetric bifurcation of the neo-Hookean
incompressible cylindrical shell obtained by using the WKB method. The most topics results
from this research are as follows:

o The asymptotic and numerical results become closer, as the mode number increases;

o The asymptotic results are completely coincident with the counterpart numerical data
for A/B close to unity;

o The rate of change of the outer radius to a certain A/B is fixed, and as the shell is
becoming thinner, the rate of change of the inner radius is increasing;

o The change rate of the outer radius decreases first, and then for the thinner shells, the
rate of change of the outer radius increases;

o By solving the eigenvalue problem by using the asymptotic WKB method to the leading

order six independent solutions for S(r) are obtained, where two roots are repeated and the
other two are not. For the eigenvalue problem to be solvable, corresponding solvability
conditions related to the mentioned roots are first-order differential equations;
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Fig. 1 The curves of A, against A/BforA, =1,2,...,5and m = 5,10,20 and L = 5, 10.
Dashed lines: asymptotic results (outer and inner layers ); solid lines: Compound Matrix
results.
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Fig. 2 The curves of A, againstA/Bfor1, =1,2,...,5andm = 5,10,20 and L = 5, 10.
Dashed lines: asymptotic results (outer and inner layers); solid lines: Compound Matrix
results.
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