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Abstract— Topological indices are molecular descriptors that encode valuable information 

about a chemical structure. These indices enable researchers to calculate numerical values 

that correlate with various physical properties of chemicals, allowing for the prediction and 

analysis of their behaviour and characteristics. In this study, we investigate the triangular and 

rhombohedral bilayers of germanium phosphide, leveraging topological indices and entropy 

calculations. Our numerical analysis and graphical representations reveal insightful trends 

and patterns, providing valuable information on the validity of these indices for predicting the 

potential of these chemical structures for sustainable material production. This work 

demonstrates the power of topological indices and entropy calculations in accelerating 

material discovery, enabling the creation of innovative technologies with a reduced 

environmental footprint. 

Keywords—Bilayer Germanium Phosphide; Entropy; Topological Indices; Structural 

Analysis; Semiconductor   Applications. 

 

1. INTRODUCTION 

Within mathematical chemistry, the discipline of chemical graph theory applies graph theory 

to the modeling and analysis of chemical structures or networks. This method uses a graph to 

illustrate the structure of a chemical molecule, with atoms shown as points (nodes) and the 
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bonds that connect them as lines (edges). Through the use of graph theory ideas, scientists 

can extract many numerical parameters from these graphical representations that are referred 

to as topological parameters. These parameters are graph invariants, which means that they 

do not change based on how the structure is shown visually Ali et al.,  [1]. 

While Baig et al., [2] computed various indices for DSL (dominating set of a line graph). 

In chemical graph theory, several topological characteristics are calculated to clarify 

physicochemical features, including configuration, enthalpy, and stability [3,4,5]. Various 

methods are used to derive these values; some rely on the number of edges that connect a 

vertex, while others measure the distance between a vertex and a particular point. In chemical 

graph theory, neighborhood indices are quantitative metrics that are used to describe the 

topological structure of molecules. They shed light on the symmetry and connectivity 

patterns of molecular graphs, which are essential for comprehending their characteristics and 

actions in a variety of applications. Here is a detailed introduction to some neighborhood 

indices: 𝐴𝐵𝐶4 index, 𝐺𝐴5 index, and Sanskruti index [6,7]. Simon raj and George [10] 

investigated the physicochemical characteristics of dominating silicate networks. These 

factors have been the subject of several study articles, which have provided insightful 

information about various chemical structures, nanotubes, and networks, clarifying their 

physicochemical characteristics, including electron negativity and electron affinity.  

The ABC4 index is a neighborhood degree based index, this index has been utilized in the 

study of molecular descriptors and has shown applications in QSAR (Quantitative Structure-

Activity Relationship) studies [8]. The 𝐺𝐴5 index, also known as the fifth Geometric-

Arithmetic index, is another neighborhood degree based index used to quantify the molecular 

structure [9]. This index provides information about the symmetry and complexity of 

molecular graphs [11]. The Sanskruti index is a relatively newer neighborhood index in 

chemical graph theory. It incorporates topological features and has been applied in studies 

involving molecular descriptors and structure-property relationships [12]. 

𝑁𝑢 = ∑ 𝑃𝑢𝑢∈𝜂(𝑣)                                                               (1) 

 Where 𝑁𝑢 represent open neighborhood degree of the vertex u. 

 

2. PRELIMINARIES 

Definition 2.1 In their 2010 paper, Ghorbani and Hosseinzadeh [17] presented the fourth 

iteration of the atomic-bond connectivity index (ABC4) and the fifth iteration of the 

geometric arithmetic index (GA5) for graph G as follows, 

𝐴𝐵𝐶4 = ∑ √
𝑁𝑢𝑖+𝑁𝑣𝑖−2

𝑁𝑢𝑖×𝑁𝑣𝑖
𝑢𝑖,𝑣𝑖∈𝐸(𝐺)  ,                                                             (2) 
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𝐺𝐴5 = ∑
2√𝑁𝑢𝑖×𝑁𝑣𝑖

𝑁𝑢𝑖+𝑁𝑣𝑖
𝑢𝑖,𝑣𝑖∈𝐸(𝐺) .                                                             (3) 

Definition 2.3 In 2017, Hosamani introduced the Sanskruti index [6] for a molecular graph 

G, denoted by S(G) and defined as, 

𝑆(𝐺) = ∑ (
𝑁𝑢𝑖×𝑁𝑣𝑖

𝑁𝑢𝑖+𝑁𝑣𝑖−2
)𝑢𝑖,𝑣𝑖∈𝐸(𝐺)

3

                                                              (4) 

Shannon first introduced the concept of entropy in his seminal work [13] in 1948. Entropy 

quantifies the unpredictability or uncertainty of information content within a system, often 

measured through the entropy of a probability distribution. Over time, this notion found 

applications in graph theory and chemical networks, offering insights into their structural 

characteristics. The utilization of graph entropies has seen a surge in various fields including 

biology, chemistry, ecology, and sociology. Within these domains, the degree of each atom 

holds significant importance. Both graph theory and network theory have extensively 

researched invariants, serving as functional information measures in scientific investigations. 

Zakir et al., [23] copmuted Weighted Entropy Based on Topological Indices for Triazine-

Based Dendrimer 

In this article, we focus on exploring graph entropy measures applied to germanium 

phosphide and computed, the 4th atomic bond connectivity entropy, the 5th  geometric 

arithmetic entropy, and the Sanskruti entropy, utilizing their respective indices. Our approach 

draws inspiration from the concept of entropy elucidated in Manzoor et al., [14]. 

3. Applications of Entropy 

In the context of a bilayer germanium phosphide structure, graph entropy plays a pivotal role 

in analyzing the structural information inherent in the system. Specifically, distance-based 

entropy measures are instrumental in various aspects, ranging from mathematical analyses to 

investigations in biology, chemical graph theory, and organic chemistry, tailored to the 

unique characteristics of the germanium phosphide bilayer. Drawing on Shannon's entropy 

concept, the structural complexity of the bilayer structure is enhanced by incorporating 

topological indices. These indices serve as invaluable molecular descriptors, particularly 

pertinent in studies concerning the properties and behaviours of the germanium phosphide 

bilayer, such as its electronic structure, vibrational properties, and interlayer interactions. 

Shannon's seminal work in 1948 laid the groundwork for modern information theory, which 

found early applications in linguistics and electrical engineering before branching out into 

biology and chemistry. Early studies, like those in 1953, [20] paved the way for applying 
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information theory to address structural complexities in materials such as the bilayer 

germanium phosphide [21]. 

 Further advancements in understanding the structural information content of the bilayer ger- 

manium phosphide emerged in 2004, leveraging Shannon's entropy formulas. Additionally, 

contributions from researchers like Rashevsky and Trucco in the 1950s [24] are pertinent to 

these applications, providing foundational insights that continue to inform contemporary 

analyses of the bilayer structure. 

Graph entropy measures are widely employed in biology, computer science, and structural 

chemistry, and tailored applications in studying the bilayer germanium phosphide structure. 

These measures facilitate a comprehensive understanding of the system's properties and 

behaviours, aiding in tasks such as characterizing its electronic band structure, predicting its 

optical properties, and exploring its potential applications in nanoelectronics and 

optoelectronics. Overall, the applications of graph entropy in the context of a bilayer 

germanium phosphide structure encompass a broad spectrum of analyses, ranging from 

fundamental structural characterization to predictive modelling and materials design, with 

implications for advancing various technological frontiers.  

4. Neighborhood Degree-Based Entropy  

In 2015, Chen et al., [25] introduced the concept of entropy for an edge-weighted graph G 

denoted as 𝐺 = (𝑉𝐺 , ; 𝐸𝐺 ; (𝑢𝑖 , 𝑣𝑗)) 

Here, 𝑉𝐺represents the set of vertices, 𝐸𝐺 represents the set of edges, and (𝑢𝑖 , 𝑣𝑗) represents 

the weight associated with the edge (𝑢𝑖 , 𝑣𝑗). The entropy of an edge-weighted graph is 

defined as follows, Chen et al., (2021) introduced the probability density function of a simple 

connected graph G given by, 

𝑃𝑖𝑗 =
𝑤(𝑥𝑦)

∑𝑊(𝑥𝑦)
                                                              (5) 

Cao et al., (2017) introduced degree base entropy for any graph G which is denoted and defined 

as, 

𝐼(𝐺,𝑤) = −∑𝑃𝑖𝑗 log(𝑃𝑖𝑗) .                                                              (6) 

Chen et al., (2014) proposed the definition of entropy of an edge-weighted graph.  
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𝐸𝑁𝑇𝐼(𝐺) = log 𝐼(𝐺) −
1

𝐼(𝐺)
𝑙𝑜𝑔{∏ [

𝑁𝑢𝑖+𝑁𝑣𝑗

𝑁𝑢𝑖×𝑁𝑣𝑗
]𝑢𝑖,𝑣𝑗∈𝐸𝐺

[
𝑁𝑢𝑖

+𝑁𝑣𝑗

𝑁𝑢𝑖
×𝑁𝑣𝑗

]

}.                                              (7)   

Where I(G) represents the value of the topological index used to calculate the entropy of 

graph G.Manzoor et al., (2020) introduced the following entropies by using the above 

formula, The entropy of fourth atom-bond connectivity, 

𝐸𝑁𝑇𝐴𝐵𝐶4(𝐺) = 𝑙𝑜𝑔(𝐴𝐵𝐶4(𝐺)) −
1

𝐴𝐵𝐶4(𝐺)
𝑙𝑜𝑔

{
 
 

 
 

∏ [√
𝑁𝑢𝑖+𝑁𝑣𝑗−2

𝑁𝑢𝑖𝑁𝑣𝑗
]

[√
𝑁𝑢𝑖

+𝑁𝑣𝑗
−2

𝑁𝑢𝑖
𝑁𝑣𝑗

]

𝑢𝑖,𝑣𝑗∈𝐸𝐺

}
 
 

 
 

,                 

(8)                                                  

Fifth geometry arithmetic entropy: 

𝐸𝑁𝑇𝐺𝐴5(𝐺) = log(𝐺𝐴5(𝐺)) −
1  

𝐺𝐴5(𝐺))
𝑙𝑜𝑔 {∏ [

2√𝑁𝑢𝑖𝑁𝑣𝑗

𝑁𝑢𝑖+𝑁𝑣𝑗
]𝑢𝑖,𝑣𝑗∈𝐸𝐺 }

[

2√𝑁𝑢𝑖
𝑁𝑣𝑗

𝑁𝑢𝑖+𝑁𝑣𝑗
]

 ,                                

(9)            

Sanskruti entropy: 

𝐸𝑁𝑇𝑆(𝐺) = log(𝑆(𝐺)) −
1

𝑆(𝐺)
𝑙𝑜𝑔 {∏ {

𝑁𝑢𝑖×𝑁𝑣𝑗

𝑁𝑢𝑖+𝑁𝑣𝑗−2
}

3{
𝑁𝑢𝑖

×𝑁𝑣𝑗

𝑁𝑢𝑖
+𝑁𝑣𝑗

−2
}

3

𝑢𝑖,𝑣𝑗∈𝐸𝐺
}.                                     

(10)                                                                                                        

5. Germanium Phosphide 

The emergence of graphene signalled a breakthrough in the field of two-dimensional (2D) 

crystals, leading to a broad spectrum of materials with critical electronic characteristics 

required for Nanoelectronics. Semiconductors like transition metal dichalcogenides (TMDCs) 

and Dirac semimetals like graphene, silicene, and germanene have found useful uses in 

nanotechnology, especially in optoelectronics, where the first applications have been reported 

based on TMDCs. Every element in Group 14 of the periodic table has semi-metallic 

characteristics. In electronics, combining Group 14 elements with Phosphorene, an allotropic 
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form of Phosphorus (P), has produced positive outcomes. In 1970, a layered substance called 

Germanium Phosphide (𝐺𝑒𝑃3) with a stoichiometric of Phosphorene (P) and Germanene (a 

single-layer material composed of Germanium atoms, Ge) was initially identified. 𝐺𝑒𝑃𝑥 is 

frequently found in three forms. Structure of 2𝐿𝐺𝑒𝑃3 This article uses geometrical forms 

such as triangles and rhombus, to illustrate the structure of 𝐺𝑒𝑃3 in two distinct ways. 

designating as triangulate, rhombohedral, the corresponding forms of these formations. These 

structural forms are widely recognized in the field of nanotechnology. In the triangle, 2𝐿𝐺𝑒𝑃3 

configuration, the bilayer structure of germanium phosphide (2𝐿𝐺𝑒𝑃3) is depicted with a 

triangular shape. This configuration encompasses a total of 3𝑛2  +  9𝑛 edges, where n 

represents the number of hexagons present in the base of the monolayer 1𝐿𝐺𝑒𝑃3 structure, 

with n being greater than 2. 

 

 

 

 

 

Figure 1: Triangular Bilayer Germanium Phosphide for n = 4 

Neighborhood Degree-Based Partition 

Now, utilizing the definition (1) of 𝑁𝑢, we propose a distinct edge partition for the edge set of 

the rhombohedral bilayer Germanium Phosphide. This partition is based on the sum degree of 

neighbourhood vertices associated with each edge. We have determined that for (n > 3), the 

edge partition based on neighbourhood characteristics for the edge set of (T2LGePn3) 

comprises 22 sub-partite sets, as described below. 

𝜂1 = (𝑢, 𝑣)| 𝑁𝑢 = 4 ∧ 𝑁𝑣 = 7, 𝜂2 = (𝑢, 𝑣)| 𝑁𝑢 = 10 ∧ 𝑁𝑣 = 12 

𝜂3 = (𝑢, 𝑣)| 𝑁𝑢 = 6 ∧ 𝑁𝑣 = 6, 𝜂4 = (𝑢, 𝑣)| 𝑁𝑢 = 9 ∧ 𝑁𝑣 = 13 

𝜂5 = (𝑢, 𝑣)| 𝑁𝑢 = 5 ∧ 𝑁𝑣 = 10, 𝜂6 = (𝑢, 𝑣)| 𝑁𝑢 = 10 ∧ 𝑁𝑣 = 13 

𝜂7 = (𝑢, 𝑣)| 𝑁𝑢 = 6 ∧ 𝑁𝑣 = 10, 𝜂8 = (𝑢, 𝑣)| 𝑁𝑢 = 10 ∧ 𝑁𝑣 = 16 

𝜂9 = (𝑢, 𝑣)| 𝑁𝑢 = 6 ∧ 𝑁𝑣 = 9, 𝜂10 = (𝑢, 𝑣)| 𝑁𝑢 = 12 ∧ 𝑁𝑣 = 16 
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𝜂11 = (𝑢, 𝑣)| 𝑁𝑢 = 9 ∧ 𝑁𝑣 = 9, 𝜂12 = (𝑢, 𝑣)| 𝑁𝑢 = 9 ∧ 𝑁𝑣 = 15 

𝜂13 = (𝑢, 𝑣)| 𝑁𝑢 = 9 ∧ 𝑁𝑣 = 10, 𝜂14 = (𝑢, 𝑣)| 𝑁𝑢 = 13 ∧ 𝑁𝑣 = 15 

𝜂15 = (𝑢, 𝑣)| 𝑁𝑢 = 7 ∧ 𝑁𝑣 = 12, 𝜂16 = (𝑢, 𝑣)| 𝑁𝑢 = 13 ∧ 𝑁𝑣 = 16 

𝜂17 = (𝑢, 𝑣)| 𝑁𝑢 = 13 ∧ 𝑁𝑣 = 17, 𝜂18 = (𝑢, 𝑣)| 𝑁𝑢 = 15 ∧ 𝑁𝑣 = 16 

𝜂19 = (𝑢, 𝑣)| 𝑁𝑢 = 16 ∧ 𝑁𝑣 = 17, 𝜂20 = (𝑢, 𝑣)| 𝑁𝑢 = 16 ∧ 𝑁𝑣 = 18 

𝜂21 = (𝑢, 𝑣)| 𝑁𝑢 = 17 ∧ 𝑁𝑣 = 18, 𝜂22 = (𝑢, 𝑣)| 𝑁𝑢 = 18 ∧ 𝑁𝑣 = 18 

with cardinalities as, 

|𝜂1| = |𝜂3| = |𝜂4| = |𝜂5| = |𝜂9| = |𝜂11| = |𝜂12| = |𝜂13| = |𝜂14| = |𝜂15| = |𝜂18| = |𝜂19| =

2,|𝜂17| =|𝜂7| = 2𝑛 − 4, |𝜂6| = |𝜂16| = |𝜂21| = 4𝑛 − 10, |𝜂8|= 𝑛 + 1, |𝜂10| = 2𝑛, |𝜂20| =

5𝑛 − 10  |𝜂22| = 3𝑛2 − 15𝑛 + 19. 

Theorem: 5.1: For 𝑛 ≥ 3 the fourth version of the atomic bond connectivity index is given 

by 𝐴𝐵𝐶4(𝑇2𝐿𝐺𝑒𝑃3
𝑛) = 0.977825𝑛2 + 3.912510𝑛 + 0.982309. 

Proof: By applying the neighbourhood partition for triangular bilayer germanium phosphide 

in Equation (2) we have, 

𝐴𝐵𝐶4(𝑇2𝐿𝐺𝑒𝑃3
𝑛) =

√34

6
𝑛2 + [4 × √

21

130
+ 2 ×√

14

60
+ √

24

160
+ 2 × √

26

192
             

+4 × √
27

208
+ 2 × √

28

221
+4 × √

33

306
− 15 × √

34

324
] 𝑛 + [2 × √

9

28
     

        +4 × √
20

120
  + 2 × √

9

30
  + 2 × √

20

117
+ 2 × √

13

50
− 10 × √

21

130
          

−4 × √
14

60
 + √

24

160
+ 2 × √

13

54
+ 2 × √

16

81
+ 2 × √

22

135
+ 2 × √

17

190
 

+2 × √
26

195
+ 2 × √

17

84
− 10 × √

27

208
− 4 × √

28

221
+ 2 × √

29

240
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   +2 × √
31

272
− 10 × √

32

288
− 10 × √

33

306
+19 × √

34

324
], 

after simplifying the above expression we have, 

𝐴𝐵𝐶4(𝑇2𝐿𝐺𝑒𝑃3
𝑛) = 0.977825𝑛2 + 3.912510𝑛 + 0.982309.                                 

Theorem: 5.2: For 𝑛 ≥ 3 the fifth version of geometric index 𝐺𝐴5 is given by, 

           𝐺𝐴5(𝑇2𝐿𝐺𝑒𝑃3
𝑛 = 3𝑛2 + 8.318700𝑛 + 0.768267.                   

Proof: By applying the neighbourhood partition for triangular bilayer germanium phosphide 

in Equation (3) we have, 

𝐺𝐴5(𝑇2𝐿𝐺𝑒𝑃3
𝑛) = 3𝑛2 + [

8 × √130

23
+
4 × √60

16
+
2 × √160

26
+
4 × √192

28
                  

+
8 × √208

29
+
4 × √221

30
+
10 × √288

34
+
8√306

35
−
30 × √324

36
] 𝑛 

+ [
4 × √28

11
+
8 × √120

22
+
4 × √30

11
+
4 × √117

22
+
4 × √50

15
          

−
20 × √130

23
−
8√60

16
+
2 × √160

26
+
4 × √54

15
+
4 × √81

18
+
4 × √135

24
 

+
4 × √190

19
+
4 × √195

28
+
4 × √84

19
−
20 × √208

29
−
8 × √221

30
            

+
4 × √240

31
+
4 × √272

33
−
20 × √288

34
−
20 × √306

35
+
38 × √324

36
], 

after simplifying the above expression we have, 

           𝐺𝐴5(𝑇2𝐿𝐺𝑒𝑃3
𝑛 = 3𝑛2 + 8.318700𝑛 + 0.768267                                                        

Theorem: 5.3: For 𝑛 ≥ 3 the sansakruti index for 𝑇2𝐿𝐺𝑒𝑃3
𝑛 is given by, 

𝑆(𝑇2𝐿𝐺𝑒𝑃3
𝑛 = 2596.088𝑛2 − 1680.9585𝑛 + 2719.913984.                                                 
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Proof: By applying the neighbourhood partition for triangular bilayer germanium phosphide 

in Equation (4) we have, 

𝑆(𝑇2𝐿𝐺𝑒𝑃3
𝑛) = 2 × (

78

9
)
3

+ (𝑛 + 1) (
120

20
)
3

+ 2(
30

9
)
3

+ (
117

20
)
3

+ 2(
50

13
)
3

+ (4𝑛 − 10) (
130

21
)
3

+ (2𝑛 − 4) (
60

14
)
3

+ 2(
160

24
)
3

+ (
54

13
)
3

+ 2𝑛 (
192

26
)
3

+ 2(
81

16
)
3

+ 2(
135

22
)
3

+ 2(
90

17
)
3

+ 2(
195

26
)
3

+ 2(
84

17
)
3

+ (4𝑛 − 10) (
208

27
)
3

+ (2𝑛 − 4) (
221

28
)
3

+ 2(
240

29
)
3

+ 2(
272

31
)
3

+ (5𝑛 − 10) (
288

32
)
3

+ (4𝑛 − 10) (
306

33
)
3

+ (3𝑛2 − 15𝑛 + 9) (
324

34
) ,3 

In simplifying the above expression we have, 

𝑆(𝑇2𝐿𝐺𝑒𝑃3
𝑛 = 2596.088𝑛2 − 1680.9585𝑛 + 2719.913984. 

 Theorem: 5.4: For 𝑛 ≥ 3 the  entropy of triangular bilayer germanium phosphide  

(𝑇2𝐿𝐺𝑒𝑃3
𝑛)  with 𝐴𝐵𝐶4 index is given by, 

𝐸𝑁𝑇𝐴𝐵𝐶4(𝑇2𝐿𝐺𝑒𝑃3
𝑛) = log(0.977825𝑛2 + 3.912510𝑛 + 0.982309) 

−
1

0.977825𝑛2 + 3.912510𝑛 + 0.982309
 [0.050068𝑛2       

+0.326969𝑛 + 0.266852]. 

Proof: By using the neighbourhood partition for triangular bilayer germanium phosphide in 

Equation (8) we have, 
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𝐸𝑁𝑇𝐴𝐵𝐶4(𝑇2𝐿𝐺𝑒𝑃3
𝑛)

= [log(𝐴𝐵𝐶4) −
1

(𝐴𝐵𝐶4)
] 𝑙𝑜𝑔

[
 
 
 
 
 

∏ (√
𝑁𝑢𝑖 + 𝑁𝑣𝑖 − 2

𝑁𝑢𝑖 × 𝑁𝑣𝑖
)

𝑁(4,7)

√
𝑁𝑢𝑖+𝑁𝑣𝑖−2

𝑁𝑢𝑖×𝑁𝑣𝑖

             

+ ∏ (√
𝑁𝑢𝑖 +𝑁𝑣𝑖 − 2

𝑁𝑢𝑖 × 𝑁𝑣𝑖
)

𝑁(6,5)

√
𝑁𝑢𝑖+𝑁𝑣𝑖−2

𝑁𝑢𝑖×𝑁𝑣𝑖

+ ∏ (√
𝑁𝑢𝑖 +𝑁𝑣𝑖 − 2

𝑁𝑢𝑖 × 𝑁𝑣𝑖
)

𝑁(9,13)

√
𝑁𝑢𝑖+𝑁𝑣𝑖−2

𝑁𝑢𝑖×𝑁𝑣𝑖

 

+ ∏ (√
𝑁𝑢𝑖 + 𝑁𝑣𝑖 − 2

𝑁𝑢𝑖 × 𝑁𝑣𝑖
)

𝑁(18,18)

√
𝑁𝑢𝑖+𝑁𝑣𝑖−2

𝑁𝑢𝑖×𝑁𝑣𝑖

+ ∏ (√
𝑁𝑢𝑖 +𝑁𝑣𝑖 − 2

𝑁𝑢𝑖 × 𝑁𝑣𝑖
)

𝑁(5,10)

√
𝑁𝑢𝑖+𝑁𝑣𝑖−2

𝑁𝑢𝑖×𝑁𝑣𝑖

 

+ ∏ (√
𝑁𝑢𝑖 + 𝑁𝑣𝑖 − 2

𝑁𝑢𝑖 × 𝑁𝑣𝑖
)

𝑁(10,13)

√
𝑁𝑢𝑖+𝑁𝑣𝑖−2

𝑁𝑢𝑖×𝑁𝑣𝑖

+ ∏ (√
𝑁𝑢𝑖 +𝑁𝑣𝑖 − 2

𝑁𝑢𝑖 × 𝑁𝑣𝑖
)

𝑁(6,10)

√
𝑁𝑢𝑖+𝑁𝑣𝑖−2

𝑁𝑢𝑖×𝑁𝑣𝑖

 

+ ∏ (√
𝑁𝑢𝑖 +𝑁𝑣𝑖 − 2

𝑁𝑢𝑖 × 𝑁𝑣𝑖
)

𝑁(10,16)

√
𝑁𝑢𝑖+𝑁𝑣𝑖−2

𝑁𝑢𝑖×𝑁𝑣𝑖

+ ∏ (√
𝑁𝑢𝑖 +𝑁𝑣𝑖 − 2

𝑁𝑢𝑖 × 𝑁𝑣𝑖
)

𝑁(6,9)

√
𝑁𝑢𝑖+𝑁𝑣𝑖−2

𝑁𝑢𝑖×𝑁𝑣𝑖

 

+ ∏ (√
𝑁𝑢𝑖 +𝑁𝑣𝑖 − 2

𝑁𝑢𝑖 × 𝑁𝑣𝑖
)

𝑁(12,16)

√
𝑁𝑢𝑖+𝑁𝑣𝑖−2

𝑁𝑢𝑖×𝑁𝑣𝑖

+ ∏ (√
𝑁𝑢𝑖 +𝑁𝑣𝑖 − 2

𝑁𝑢𝑖 × 𝑁𝑣𝑖
)

𝑁(9,9)

√
𝑁𝑢𝑖+𝑁𝑣𝑖−2

𝑁𝑢𝑖×𝑁𝑣𝑖

 

+ ∏ (√
𝑁𝑢𝑖 +𝑁𝑣𝑖 − 2

𝑁𝑢𝑖 × 𝑁𝑣𝑖
)

𝑁(9,15)

√
𝑁𝑢𝑖+𝑁𝑣𝑖−2

𝑁𝑢𝑖×𝑁𝑣𝑖

+ ∏ (√
𝑁𝑢𝑖 +𝑁𝑣𝑖 − 2

𝑁𝑢𝑖 × 𝑁𝑣𝑖
)

𝑁(16,17)

√
𝑁𝑢𝑖+𝑁𝑣𝑖−2

𝑁𝑢𝑖×𝑁𝑣𝑖
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+ ∏ (√
𝑁𝑢𝑖 +𝑁𝑣𝑖 − 2

𝑁𝑢𝑖 × 𝑁𝑣𝑖
)

𝑁(16,18)

√
𝑁𝑢𝑖+𝑁𝑣𝑖−2

𝑁𝑢𝑖×𝑁𝑣𝑖

+ ∏ (√
𝑁𝑢𝑖 +𝑁𝑣𝑖 − 2

𝑁𝑢𝑖 × 𝑁𝑣𝑖
)

𝑁(10,12)

√
𝑁𝑢𝑖+𝑁𝑣𝑖−2

𝑁𝑢𝑖×𝑁𝑣𝑖

 

+ ∏ (√
𝑁𝑢𝑖 +𝑁𝑣𝑖 − 2

𝑁𝑢𝑖 × 𝑁𝑣𝑖
)

𝑁(17,18)

√
𝑁𝑢𝑖+𝑁𝑣𝑖−2

𝑁𝑢𝑖×𝑁𝑣𝑖

+ ∏ (√
𝑁𝑢𝑖 +𝑁𝑣𝑖 − 2

𝑁𝑢𝑖 × 𝑁𝑣𝑖
)

𝑁(9,10)

√
𝑁𝑢𝑖+𝑁𝑣𝑖−2

𝑁𝑢𝑖×𝑁𝑣𝑖

 

+ ∏ (√
𝑁𝑢𝑖 + 𝑁𝑣𝑖 − 2

𝑁𝑢𝑖 × 𝑁𝑣𝑖
)

𝑁(13,15)

√
𝑁𝑢𝑖+𝑁𝑣𝑖−2

𝑁𝑢𝑖×𝑁𝑣𝑖

+ ∏ (√
𝑁𝑢𝑖 +𝑁𝑣𝑖 − 2

𝑁𝑢𝑖 × 𝑁𝑣𝑖
)

𝑁(7,12)

√
𝑁𝑢𝑖+𝑁𝑣𝑖−2

𝑁𝑢𝑖×𝑁𝑣𝑖

 

+ ∏ (√
𝑁𝑢𝑖 +𝑁𝑣𝑖 − 2

𝑁𝑢𝑖 × 𝑁𝑣𝑖
)

𝑁(13,16)

√
𝑁𝑢𝑖+𝑁𝑣𝑖−2

𝑁𝑢𝑖×𝑁𝑣𝑖

+ ∏ (√
𝑁𝑢𝑖 +𝑁𝑣𝑖 − 2

𝑁𝑢𝑖 × 𝑁𝑣𝑖
)

𝑁(13,17)

√
𝑁𝑢𝑖+𝑁𝑣𝑖−2

𝑁𝑢𝑖×𝑁𝑣𝑖

 

+ ∏ (√
𝑁𝑢𝑖 +𝑁𝑣𝑖 − 2

𝑁𝑢𝑖 × 𝑁𝑣𝑖
)

𝑁(15,16)

√
𝑁𝑢𝑖+𝑁𝑣𝑖−2

𝑁𝑢𝑖×𝑁𝑣𝑖

]
 
 
 
 
 

 ,                                    

𝐸𝑁𝑇𝐴𝐵𝐶4(𝑇2𝐿𝐺𝑒𝑃3
𝑛) = [log(𝐴𝐵𝐶4) −

1

(𝐴𝐵𝐶4)
] 𝑙𝑜𝑔

[
 
 
 
 

(2√
9

28
)

√ 9
28

× (4√
1

6
)

√1
6

                          

× (2√
3

10
)

√ 3
10

× (2√
19

117
)

√ 19
117

× (2√
13

50
)

√13
50

× (2√
3

10
)

√ 3
10

               

× ((4𝑛 − 10)√
21

130
)

√ 21
130

× ((2𝑛 − 4)√
14

60
)

√14
60

× ((𝑛 + 1)√
24

160
)

√ 24
160
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× (2√
13

54
)

√13
54

× (2√
22

135
)

√ 22
135

× (2√
17

90
)

√17
90

× (2√
26

195
)

√ 26
195

                 

× (2√
17

91
)

√17
91

× ((4𝑛 − 10)√
27

208
)

√ 27
208

× ((2𝑛 − 4)√
18

221
)

√ 18
221

                

× (2√
31

272
)

√ 31
272

× ((5𝑛 − 10)√
2

19
)

√ 2
19

× ((4𝑛 − 10)√
11

102
)

√ 11
102

             

× (2√
49

240
)

√ 49
240

× ((3𝑛2 − 15𝑛 + 19)√
17

162
)

√13
54

]
 
 
 
 
 
 

  ,                                      

On putting the value of 𝐴𝐵𝐶4 index for triangular bilayer germanium phosphide 𝑇2𝐿𝐺𝑒𝑃3
𝑛  

and simplifying the above expression we have entropy of triangular bilayer germanium 

phosphide with 𝐴𝐵𝐶4 index as, 

𝐸𝑁𝑇𝐴𝐵𝐶4(𝑇2𝐿𝐺𝑒𝑃3
𝑛) = log(0.977825𝑛2 + 3.912510𝑛 + 0.982309) 

−
1

0.977825𝑛2 + 3.912510𝑛 + 0.982309
 [0.050068𝑛2       

+0.326969𝑛 + 0.266852]. 

Theorem: 5.5: For 𝑛 ≥ 3 the  entropy of triangular bilayer germanium phosphide  

( 𝑇2𝐿𝐺𝑒𝑃3
𝑛)  with 𝐺𝐴5 index is given by, 

𝐸𝑁𝑇𝐺𝐴5(𝑇2𝐿𝐺𝑒𝑃3
𝑛) = log(3𝑛2 + 8.318700𝑛 + 0.768267)                                                               

−
1

3𝑛2 + 8.318700𝑛 + 0.768267
 [0.47712𝑛2 
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+0.068049𝑛 − 0.086954].                              

Proof: By using the neighbourhood partition for triangular bilayer germanium phosphide in 

Equation (9) we have, 

𝐸𝑁𝑇𝐺𝐴5(𝑇2𝐿𝐺𝑒𝑃3
𝑛) = log(𝐺𝐴5) −

1

𝐺𝐴5
log 

[
 
 
 
 
 

∏ (
2√𝑁𝑢𝑖 × 𝑁𝑣𝑖
𝑁𝑢𝑖 +𝑁𝑣𝑖

)(

 
2√𝑁𝑢𝑖×𝑁𝑣𝑖

𝑁𝑢𝑖+𝑁𝑣𝑖
)

 

                  

𝑁(18,18)

 

× ∏ (
2√𝑁𝑢𝑖 × 𝑁𝑣𝑖
𝑁𝑢𝑖 +𝑁𝑣𝑖

)(

 
2√𝑁𝑢𝑖×𝑁𝑣𝑖

𝑁𝑢𝑖+𝑁𝑣𝑖
)

 

𝑁(17,18)

× ∏ (
2√𝑁𝑢𝑖 × 𝑁𝑣𝑖
𝑁𝑢𝑖 +𝑁𝑣𝑖

)(

 
2√𝑁𝑢𝑖×𝑁𝑣𝑖

𝑁𝑢𝑖+𝑁𝑣𝑖
)

 

𝑁(16,18)

 

× ∏ (
2√𝑁𝑢𝑖 × 𝑁𝑣𝑖
𝑁𝑢𝑖 +𝑁𝑣𝑖

)(

 
2√𝑁𝑢𝑖×𝑁𝑣𝑖

𝑁𝑢𝑖+𝑁𝑣𝑖
)

 

𝑁(16,17)

× ∏ (
2√𝑁𝑢𝑖 × 𝑁𝑣𝑖
𝑁𝑢𝑖 +𝑁𝑣𝑖

)(

 
2√𝑁𝑢𝑖×𝑁𝑣𝑖

𝑁𝑢𝑖+𝑁𝑣𝑖
)

 

𝑁(15,16)

 

× ∏ (
2√𝑁𝑢𝑖 × 𝑁𝑣𝑖
𝑁𝑢𝑖 +𝑁𝑣𝑖

)(

 
2√𝑁𝑢𝑖×𝑁𝑣𝑖

𝑁𝑢𝑖+𝑁𝑣𝑖
)

 

𝑁(13,17)

× ∏ (
2√𝑁𝑢𝑖 × 𝑁𝑣𝑖
𝑁𝑢𝑖 +𝑁𝑣𝑖

)(

 
2√𝑁𝑢𝑖×𝑁𝑣𝑖

𝑁𝑢𝑖+𝑁𝑣𝑖
)

 

𝑁(13,16)

 

× ∏ (
2√𝑁𝑢𝑖 × 𝑁𝑣𝑖
𝑁𝑢𝑖 +𝑁𝑣𝑖

)(

 
2√𝑁𝑢𝑖×𝑁𝑣𝑖

𝑁𝑢𝑖+𝑁𝑣𝑖
)

 

𝑁(7,12)

× ∏ (
2√𝑁𝑢𝑖 × 𝑁𝑣𝑖
𝑁𝑢𝑖 +𝑁𝑣𝑖

)(

 
2√𝑁𝑢𝑖×𝑁𝑣𝑖

𝑁𝑢𝑖+𝑁𝑣𝑖
)

 

  

𝑁(13,15)

 

× ∏ (
2√𝑁𝑢𝑖 × 𝑁𝑣𝑖
𝑁𝑢𝑖 +𝑁𝑣𝑖

)(

 
2√𝑁𝑢𝑖×𝑁𝑣𝑖

𝑁𝑢𝑖+𝑁𝑣𝑖
)

 

𝑁(9,10)

× ∏ (
2√𝑁𝑢𝑖 × 𝑁𝑣𝑖
𝑁𝑢𝑖 +𝑁𝑣𝑖

)(

 
2√𝑁𝑢𝑖×𝑁𝑣𝑖

𝑁𝑢𝑖+𝑁𝑣𝑖
)

 

    

𝑁(9,15)

 

× ∏ (
2√𝑁𝑢𝑖 × 𝑁𝑣𝑖
𝑁𝑢𝑖 +𝑁𝑣𝑖

)(

 
2√𝑁𝑢𝑖×𝑁𝑣𝑖

𝑁𝑢𝑖+𝑁𝑣𝑖
)

 

𝑁(9,9)

× ∏ (
2√𝑁𝑢𝑖 × 𝑁𝑣𝑖
𝑁𝑢𝑖 +𝑁𝑣𝑖

)(

 
2√𝑁𝑢𝑖×𝑁𝑣𝑖

𝑁𝑢𝑖+𝑁𝑣𝑖
)

 

𝑁(12,6)
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× ∏ (
2√𝑁𝑢𝑖 × 𝑁𝑣𝑖
𝑁𝑢𝑖 +𝑁𝑣𝑖

)(

 
2√𝑁𝑢𝑖×𝑁𝑣𝑖

𝑁𝑢𝑖+𝑁𝑣𝑖
)

 

𝑁(6,9)

× ∏ (
2√𝑁𝑢𝑖 × 𝑁𝑣𝑖
𝑁𝑢𝑖 +𝑁𝑣𝑖

)(

 
2√𝑁𝑢𝑖×𝑁𝑣𝑖

𝑁𝑢𝑖+𝑁𝑣𝑖
)

 

𝑁(10,16)

 

× ∏ (
2√𝑁𝑢𝑖 × 𝑁𝑣𝑖
𝑁𝑢𝑖 +𝑁𝑣𝑖

)(

 
2√𝑁𝑢𝑖×𝑁𝑣𝑖

𝑁𝑢𝑖+𝑁𝑣𝑖
)

 

𝑁(6,10)

× ∏ (
2√𝑁𝑢𝑖 × 𝑁𝑣𝑖
𝑁𝑢𝑖 +𝑁𝑣𝑖

)(

 
2√𝑁𝑢𝑖×𝑁𝑣𝑖

𝑁𝑢𝑖+𝑁𝑣𝑖
)

 

𝑁(10,13)

 

× ∏ (
2√𝑁𝑢𝑖 × 𝑁𝑣𝑖
𝑁𝑢𝑖 +𝑁𝑣𝑖

)(

 
2√𝑁𝑢𝑖×𝑁𝑣𝑖

𝑁𝑢𝑖+𝑁𝑣𝑖
)

 

𝑁(5,10)

× ∏ (
2√𝑁𝑢𝑖 × 𝑁𝑣𝑖
𝑁𝑢𝑖 +𝑁𝑣𝑖

)(

 
2√𝑁𝑢𝑖×𝑁𝑣𝑖

𝑁𝑢𝑖+𝑁𝑣𝑖
)

 

𝑁(9,13)

 

× ∏ (
2√𝑁𝑢𝑖 × 𝑁𝑣𝑖
𝑁𝑢𝑖 +𝑁𝑣𝑖

)(

 
2√𝑁𝑢𝑖×𝑁𝑣𝑖

𝑁𝑢𝑖+𝑁𝑣𝑖
)

 

𝑁(5,6)

× ∏ (
2√𝑁𝑢𝑖 × 𝑁𝑣𝑖
𝑁𝑢𝑖 +𝑁𝑣𝑖

)(

 
2√𝑁𝑢𝑖×𝑁𝑣𝑖

𝑁𝑢𝑖+𝑁𝑣𝑖
)

 

𝑁(10,12)

 

× ∏ (
2√𝑁𝑢𝑖 × 𝑁𝑣𝑖
𝑁𝑢𝑖 +𝑁𝑣𝑖

)(

 
2√𝑁𝑢𝑖×𝑁𝑣𝑖

𝑁𝑢𝑖+𝑁𝑣𝑖
)

 

𝑁(4,7)

]
 
 
 
 
 

 ,                             

𝐸𝑁𝑇𝐺𝐴5(𝑇2𝐿𝐺𝑒𝑃3
𝑛) = log(𝐺𝐴5) −

1

𝐺𝐴5
log [((3𝑛2 − 25𝑛 + 19)

2√18 × 18

18 + 18
)

2√18×18
18+18

            

× ((2)
2√4 × 7

4 + 7
)

2√4×7
4+7

× ((4𝑛 − 10)
2√17 × 18

17 + 18
)

2√17×18
17+18

                       

× ((4)
2√10 × 12

10 + 12
)

2√10×12
10+12

× ((2)
2√16 × 17

16 + 17
)

2√16×17
16+17
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× ((2)
2√15 × 16

15 + 16
)

2√15×16
15+16

× ((2𝑛 − 4)
2√13 × 17

13 + 17
)

2√13×17
13+17

                  

× ((2)
2√15 × 16

15 + 16
)

2√5×10
5+10

× ((4𝑛 − 10)
2√13 × 16

13 + 16
)

2√13×16
13+16

                 

× ((2)
2√7 × 12

7 + 12
)

2√7×12
7+12

× ((2)
2√13 × 15

13 + 15
)

2√13×15
13+15

((2)
2√9 × 10

9 + 10
)

2√9×10
9+10

  

× ((2)
2√9 × 15

9 + 15
)

2√9×15
9+15

× ((2𝑛)
2√12 × 6

12 + 6
)

2√12×6
12+6

× ((2)
2√9 × 6

9 + 6
)

2√9×6
9+6

 

× ((4𝑛 − 10)
2√13 × 10

13 + 10
)

2√13×10
13+10

× ((𝑛 + 1)
2√16 × 10

16 + 10
)

2√16×10
16+10

       

× ((2𝑛 − 4)
2√6 × 10

6 + 10
)

2√6×10
6+10

× ((2)
2√9 × 13

9 + 13
)

2√9×13
9+13

                          

× ((2)
2√5 × 6

5 + 6
)

2√5×6
5+6

× ((5𝑛 − 10)
2√16 × 18

16 + 18
)

2√16×18
16+18

]
 
 
 
 

  ,                   

In simplifying the above expression we have, 

𝐸𝑁𝑇𝐺𝐴5(𝑇2𝐿𝐺𝑒𝑃3
𝑛) = log(3𝑛2 + 8.318700𝑛 + 0.768267)                                                            

−
1

3𝑛2 + 8.318700𝑛 + 0.768267
 [0.47712𝑛2 
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+0.068049𝑛 − 0.086954].                              

Theorem: 5.6: For 𝑛 ≥ 3 the  entropy of triangular bilayer germanium phosphide  

(𝑇2𝐿𝐺𝑒𝑃3
𝑛)  with Sansakruti  index is given by, 

𝐸𝑁𝑇𝑆(𝑇2𝐿𝐺𝑒𝑃3
𝑛)

= log(2596.08𝑛2 − 1680.95𝑛 + 2719.913)

−
1

2596.08𝑛2 − 1680.95𝑛 + 2719.913
[357294𝑛2 + 110339𝑛 − 266035]. 

Proof: By using the neighbourhood partition for triangular bilayer germanium phosphide in 

Equation (8) we have, 

𝐸𝑁𝑇𝑆(𝑇2𝐿𝐺𝑒𝑃3
𝑛) = log(𝑆) −

1

𝑆
log

[
 
 
 
 

∏ ((
𝑁𝑢𝑖 × 𝑁𝑣𝑖

𝑁𝑢𝑖 +𝑁𝑣𝑖 − 2
)

3

)

(
𝑁𝑢𝑖×𝑁𝑣𝑖
𝑁𝑢𝑖+𝑁𝑣𝑖−2

)

3

                           

𝑁(18,18)

 

× ∏ ((
𝑁𝑢𝑖 × 𝑁𝑣𝑖

𝑁𝑢𝑖 +𝑁𝑣𝑖 − 2
)

3

)

(
𝑁𝑢𝑖×𝑁𝑣𝑖
𝑁𝑢𝑖+𝑁𝑣𝑖−2

)

3

𝑁(17,18)

× ∏ ((
𝑁𝑢𝑖 × 𝑁𝑣𝑖

𝑁𝑢𝑖 +𝑁𝑣𝑖 − 2
)

3

)

(
𝑁𝑢𝑖×𝑁𝑣𝑖
𝑁𝑢𝑖+𝑁𝑣𝑖−2

)

3

𝑁(16,18)

 

× ∏ ((
𝑁𝑢𝑖 × 𝑁𝑣𝑖

𝑁𝑢𝑖 +𝑁𝑣𝑖 − 2
)

3

)

(
𝑁𝑢𝑖×𝑁𝑣𝑖
𝑁𝑢𝑖+𝑁𝑣𝑖−2

)

3

𝑁(16,17)

× ∏ ((
𝑁𝑢𝑖 × 𝑁𝑣𝑖

𝑁𝑢𝑖 +𝑁𝑣𝑖 − 2
)

3

)

(
𝑁𝑢𝑖×𝑁𝑣𝑖
𝑁𝑢𝑖+𝑁𝑣𝑖−2

)

3

𝑁(15,16)

 

× ∏ ((
𝑁𝑢𝑖 × 𝑁𝑣𝑖

𝑁𝑢𝑖 +𝑁𝑣𝑖 − 2
)

3

)

(
𝑁𝑢𝑖×𝑁𝑣𝑖
𝑁𝑢𝑖+𝑁𝑣𝑖−2

)

3

𝑁(13,17)

× ∏ ((
𝑁𝑢𝑖 × 𝑁𝑣𝑖

𝑁𝑢𝑖 +𝑁𝑣𝑖 − 2
)

3

)

(
𝑁𝑢𝑖×𝑁𝑣𝑖
𝑁𝑢𝑖+𝑁𝑣𝑖−2

)

3

𝑁(13,16)

 

× ∏ ((
𝑁𝑢𝑖 × 𝑁𝑣𝑖

𝑁𝑢𝑖 +𝑁𝑣𝑖 − 2
)

3

)

(
𝑁𝑢𝑖×𝑁𝑣𝑖
𝑁𝑢𝑖+𝑁𝑣𝑖−2

)

3

𝑁(7,12)

× ∏ ((
𝑁𝑢𝑖 × 𝑁𝑣𝑖

𝑁𝑢𝑖 +𝑁𝑣𝑖 − 2
)

3

)

(
𝑁𝑢𝑖×𝑁𝑣𝑖
𝑁𝑢𝑖+𝑁𝑣𝑖−2

)

3

𝑁(13,15)
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× ∏ ((
𝑁𝑢𝑖 × 𝑁𝑣𝑖

𝑁𝑢𝑖 + 𝑁𝑣𝑖 − 2
)

3

)

(
𝑁𝑢𝑖×𝑁𝑣𝑖
𝑁𝑢𝑖+𝑁𝑣𝑖−2

)

3

𝑁(9,10)

× ∏ ((
𝑁𝑢𝑖 × 𝑁𝑣𝑖

𝑁𝑢𝑖 +𝑁𝑣𝑖 − 2
)

3

)

(
𝑁𝑢𝑖×𝑁𝑣𝑖
𝑁𝑢𝑖+𝑁𝑣𝑖−2

)

3

𝑁(9,15)

 

× ∏ ((
𝑁𝑢𝑖 × 𝑁𝑣𝑖

𝑁𝑢𝑖 + 𝑁𝑣𝑖 − 2
)

3

)

(
𝑁𝑢𝑖×𝑁𝑣𝑖
𝑁𝑢𝑖+𝑁𝑣𝑖−2

)

3

𝑁(9,9)

× ∏ ((
𝑁𝑢𝑖 × 𝑁𝑣𝑖

𝑁𝑢𝑖 +𝑁𝑣𝑖 − 2
)

3

)

(
𝑁𝑢𝑖×𝑁𝑣𝑖
𝑁𝑢𝑖+𝑁𝑣𝑖−2

)

3

𝑁(12,6)

 

× ∏ ((
𝑁𝑢𝑖 × 𝑁𝑣𝑖

𝑁𝑢𝑖 +𝑁𝑣𝑖 − 2
)

3

)

(
𝑁𝑢𝑖×𝑁𝑣𝑖
𝑁𝑢𝑖+𝑁𝑣𝑖−2

)

3

𝑁(6,9)

× ∏ ((
𝑁𝑢𝑖 × 𝑁𝑣𝑖

𝑁𝑢𝑖 +𝑁𝑣𝑖 − 2
)

3

)

(
𝑁𝑢𝑖×𝑁𝑣𝑖
𝑁𝑢𝑖+𝑁𝑣𝑖−2

)

3

𝑁(10,16)

 

× ∏ ((
𝑁𝑢𝑖 × 𝑁𝑣𝑖

𝑁𝑢𝑖 +𝑁𝑣𝑖 − 2
)

3

)

(
𝑁𝑢𝑖×𝑁𝑣𝑖
𝑁𝑢𝑖+𝑁𝑣𝑖−2

)

3

𝑁(6,10)

× ∏ ((
𝑁𝑢𝑖 × 𝑁𝑣𝑖

𝑁𝑢𝑖 +𝑁𝑣𝑖 − 2
)

3

)

(
𝑁𝑢𝑖×𝑁𝑣𝑖
𝑁𝑢𝑖+𝑁𝑣𝑖−2

)

3

𝑁(10,13)

 

× ∏ ((
𝑁𝑢𝑖 × 𝑁𝑣𝑖

𝑁𝑢𝑖 + 𝑁𝑣𝑖 − 2
)

3

)

(
𝑁𝑢𝑖×𝑁𝑣𝑖
𝑁𝑢𝑖+𝑁𝑣𝑖−2

)

3

𝑁(5,10)

× ∏ ((
𝑁𝑢𝑖 × 𝑁𝑣𝑖

𝑁𝑢𝑖 +𝑁𝑣𝑖 − 2
)

3

)

(
𝑁𝑢𝑖×𝑁𝑣𝑖
𝑁𝑢𝑖+𝑁𝑣𝑖−2

)

3

𝑁(9,13)

 

× ∏ ((
𝑁𝑢𝑖 × 𝑁𝑣𝑖

𝑁𝑢𝑖 +𝑁𝑣𝑖 − 2
)

3

)

(
𝑁𝑢𝑖×𝑁𝑣𝑖
𝑁𝑢𝑖+𝑁𝑣𝑖−2

)

3

𝑁(5,6)

× ∏ ((
𝑁𝑢𝑖 × 𝑁𝑣𝑖

𝑁𝑢𝑖 +𝑁𝑣𝑖 − 2
)

3

)

(
𝑁𝑢𝑖×𝑁𝑣𝑖
𝑁𝑢𝑖+𝑁𝑣𝑖−2

)

3

𝑁(10,12)

 

× ∏ ((
𝑁𝑢𝑖 × 𝑁𝑣𝑖

𝑁𝑢𝑖 +𝑁𝑣𝑖 − 2
)
3

)

(
𝑁𝑢𝑖×𝑁𝑣𝑖
𝑁𝑢𝑖+𝑁𝑣𝑖−2

)
3

𝑁(4,7)

],                               

𝐸𝑁𝑇𝐺𝐴5(𝑇2𝐿𝐺𝑒𝑃3
𝑛)  

 = log(𝐺𝐴5) −
1

𝐺𝐴5
log [((3𝑛2 − 25𝑛 + 19) (

18 × 18

18 + 18 − 2
)
3

)

(
18×18
18+18−2

)
3

          



 
Received: 06-05-2024         Revised: 15-06-2024 Accepted: 28-07-2024 

 

 1349 Volume 48 Issue 2 (July 2024) 
https://powertechjournal.com 
 

× ((2) (
4 × 7

4 + 7 − 2
)
3

)

(
4×7
4+7−2

)
3

× ((4𝑛 − 10) (
17 × 18

17 + 18 − 2
)
3

)

(
17×18
17+18−2

)
3

          

× ((4) (
10 × 12

10 + 12 − 2
)
3

)

(
10×12
10+12−2

)
3

× ((2) (
16 × 17

16 + 17 − 2
)
3

)

(
16×17
16+17−2

)
3

                

× ((2) (
16 × 15

16 + 15 − 2
)
3

)

(
16×15
16+15−2

)
3

× ((2𝑛 − 4) (
13 × 17

13 + 17 − 2
)
3

)

(
13×17
13+17−2

)
3

      

× ((2) (
15 × 16

15 + 16 − 2
)
3

)

(
15×16
15+16−2

)
3

× ((4𝑛 − 10) (
13 × 16

13 + 16 − 2
)
3

)

(
13×16
13+16−2

)
3

     

× ((2) (
7 × 12

7 + 12 − 2
)
3

)

(
7×12
7+12−2

)
3

× ((2) (
13 × 15

13 + 15 − 2
)
3

)

(
13×15
13+15−2

)
3

                     

× ((2) (
9 × 10

9 + 10 − 2
)
3

)

(
9×10
9+10−2

)
3

× ((2) (
9 × 15

9 + 15 − 2
)
3

)

(
9×15
9+15−2

)
3

                            

× ((2𝑛) (
12 × 16

12 + 16 − 2
)
3

)

(
12×16
12+16−2

)
3

× ((2) (
9 × 6

9 + 6 − 2
)
3

)

(
9×6
9+6−2

)
3

                         

× ((4𝑛 − 10) (
13 × 10

13 + 10 − 2
)
3

)

(
13×10
13+10−2

)
3

× ((𝑛 + 1) (
16 × 10

16 + 10 − 2
)
3

)

(
16×10
16+10−2

)
3

 



 
Received: 06-05-2024         Revised: 15-06-2024 Accepted: 28-07-2024 

 

 1350 Volume 48 Issue 2 (July 2024) 
https://powertechjournal.com 
 

× ((2𝑛 − 4) (
6 × 10

6 + 10 − 2
)
3

)

(
6×10
6+10−2

)
3

× ((2) (
9 × 13

9 + 13 − 2
)
3

)

(
9×13
9+13−2

)
3

                    

× ((2) (
5 × 6

5 + 6 − 2
)
3

)

(
5×6
5+6−2

)
3

× ((5𝑛 − 10) (
16 × 18

16 + 18 − 2
)
3

)

(
16×18
16+18−2

)
3

]
 
 
 
 

   ,             

In simplifying the above expression we have, 

𝐸𝑁𝑇𝑆(𝑇2𝐿𝐺𝑒𝑃3
𝑛)

= log(2596.08𝑛2 − 1680.95𝑛 + 2719.913)

−
1

2596.08𝑛2 − 1680.95𝑛 + 2719.913
[357294𝑛2 + 110339𝑛 − 266035]. 

6. Rhombohedral Bilayer Germanium Phosphide 

In rhombohedral (𝑅2𝐿𝐺𝑒𝑃3
𝑛) configuration, the bilayer structure of Germanium Phosphide is 

depicted with the influence of a rhombus shape. This configuration encompasses a total of 

(6𝑛2 + 8𝑛 − 2) edges, where (n) represents the count of hexagons on either side of the 

monolayer 1𝐿𝐺𝑒𝑃3
𝑛 structure, with n being greater than 2. 

 

 

 

 

Figure 2: Rhombohedral Bilayer Germanium Phosphide R2LGePn for n = 4 

Neighbourhood Partition Now, utilizing the definition (1) of 𝑁𝑢 we propose another distinct 

edge partition for the edge set of the rhombohedral bilayer Germanium Phosphide. This 

partition is based on the sum degree of neighbourhood vertices associated with each edge. 

We have determined that for 𝑛 ≥ 3, the edge partition is based on neighbourhood. 
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𝜂1 = (𝑢, 𝑣)| 𝑁𝑢 = 5 ∧ 𝑁𝑣 = 6, 𝜂2 = (𝑢, 𝑣)| 𝑁𝑢 = 5 ∧ 𝑁𝑣 = 7 

𝜂3 = (𝑢, 𝑣)| 𝑁𝑢 = 5 ∧ 𝑁𝑣 = 10, 𝜂4 = (𝑢, 𝑣)| 𝑁𝑢 = 6 ∧ 𝑁𝑣 = 10 

𝜂5 = (𝑢, 𝑣)| 𝑁𝑢 = 6 ∧ 𝑁𝑣 = 9, 𝜂6 = (𝑢, 𝑣)| 𝑁𝑢 = 9 ∧ 𝑁𝑣 = 9 

𝜂7 = (𝑢, 𝑣)| 𝑁𝑢 = 9 ∧ 𝑁𝑣 = 10, 𝜂8 = (𝑢, 𝑣)| 𝑁𝑢 = 7 ∧ 𝑁𝑣 = 12 

𝜂9 = (𝑢, 𝑣)| 𝑁𝑢 = 11 ∧ 𝑁𝑣 = 12, 𝜂10 = (𝑢, 𝑣)| 𝑁𝑢 = 10 ∧ 𝑁𝑣 = 12 

𝜂11 = (𝑢, 𝑣)| 𝑁𝑢 = 10 ∧ 𝑁𝑣 = 16, 𝜂12 = (𝑢, 𝑣)| 𝑁𝑢 = 12 ∧ 𝑁𝑣 = 16 

𝜂13 = (𝑢, 𝑣)| 𝑁𝑢 = 11 ∧ 𝑁𝑣 = 16, 𝜂14 = (𝑢, 𝑣)| 𝑁𝑢 = 9 ∧ 𝑁𝑣 = 15 

𝜂15 = (𝑢, 𝑣)| 𝑁𝑢 = 12 ∧ 𝑁𝑣 = 17, 𝜂16 = (𝑢, 𝑣)| 𝑁𝑢 = 13 ∧ 𝑁𝑣 = 15 

𝜂17 = (𝑢, 𝑣)| 𝑁𝑢 = 13 ∧ 𝑁𝑣 = 16, 𝜂18 = (𝑢, 𝑣)| 𝑁𝑢 = 13 ∧ 𝑁𝑣 = 17 

𝜂19 = (𝑢, 𝑣)| 𝑁𝑢 = 15 ∧ 𝑁𝑣 = 16, 𝜂20 = (𝑢, 𝑣)| 𝑁𝑢 = 17 ∧ 𝑁𝑣 = 16 

𝜂21 = (𝑢, 𝑣)| 𝑁𝑢 = 18 ∧ 𝑁𝑣 = 16, 𝜂22 = (𝑢, 𝑣)| 𝑁𝑢 = 17 ∧ 𝑁𝑣 = 18 

𝜂23 = (𝑢, 𝑣)| 𝑁𝑢 = 18 ∧ 𝑁𝑣 = 18, 𝜂24 = (𝑢, 𝑣)| 𝑁𝑢 = 10 ∧ 𝑁𝑣 = 13 

𝜂25 = (𝑢, 𝑣)| 𝑁𝑢 = 9 ∧ 𝑁𝑣 = 13, 

with cardinalities as, |𝜂1| = |𝜂2| = |𝜂5|= |𝜂6| = |𝜂7| = |𝜂8| = |𝜂9| = |𝜂10| = |𝜂13| =

|𝜂14| = |𝜂15| = |𝜂16| = |𝜂19| = |𝜂25| = 2,|𝜂4| =|𝜂22| = 4𝑛 − 8, |𝜂17| = |𝜂24| = 4𝑛 −

10, |𝜂11| = 2𝑛  |𝜂12|= 4𝑛 − 6, |𝜂18| = 2𝑛 − 4, |𝜂20| = |𝜂3| = 4  |𝜂21|= 8𝑛 − 16, |𝜂23| =

6𝑛2 − 24𝑛 + 24. 

Theorem: 6.1: For 𝑛 ≥ 3 the fourth version of atomic bond connectivity index rhombohedral 

bilayer germanium phosphide (𝑅2𝐿𝐺𝑒𝑃3
𝑛) is given by, 

𝐴𝐵𝐶4(𝑅2𝐿𝐺𝑒𝑃3
𝑛) = 1.943𝑛2 + 0.6052𝑛 + 5.7628.                                                             

Proof: By applying the neighbourhood partition for rhombohedral bilayer germanium 

phosphide in Equation (2) we have, 
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𝐴𝐵𝐶4(𝑅2𝐿𝐺𝑒𝑃3
𝑛) = (

√34

3
) 𝑛2 + (2 × √

24

160
+ 4 × √

26

192
+ 4 × √

27

208
 + 2 × √

28

221
  

+8 × √
32

288
+ 4 × √

33

306
−24 × √

34

324
)𝑛 + (2 × √

9

30
+ 2 × √

10

35
       

+4 × √
13

50
+ 2 × √

14

60
+ 2 × √

13

54
+ 2 × √

16

81
+ 2 × √

17

90
+ 2 × √

17

84
     

+2 × √
21

132
+ 2 × √

20

120
+ 2 × √

17

90
− 6 × √

26

192
+ 2 × √

25

176
                   

+2 × √
23

135
+ 2 × √

27

204
+ 2 × √

26

195
− 10 × √

27

208
− 4 × √

28

221
              

+2 × √
29

240
+ 4 × √

31

272
− 16 × √

32

288
− 8 × √

33

306
+ 24 × √

34

324
            

−10 × √
21

130
+2 × √

20

117
),                                                           

In simplifying the above expression we have, 

𝐴𝐵𝐶4(𝑅2𝐿𝐺𝑒𝑃3
𝑛) = 1.943𝑛2 + 0.6052𝑛 + 5.7628.                                             

Theorem: 6.2: For 𝑛 ≥ 3 the fifth version of geometric index 𝐺𝐴5  for (𝑅2𝐿𝐺𝑒𝑃3
𝑛) is given 

by, 

𝐺𝐴5(𝑅2𝐿𝐺𝑒𝑃3
𝑛) = 6𝑛2 + 7.6889𝑛 + 25.3640.                                                                                    

Proof: By applying the neighbourhood partition for rhombohedral bilayer germanium 

phosphide in Equation (3) we have, 
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𝐺𝐴5(𝑅2𝐿𝐺𝑒𝑃3
𝑛) = 6𝑛2 + (√15 +

8√10

13
+
16√3

7
+
32√13

29
+
2√221

15
+
96√2

17
+
24√34

35
 

+
8√130

723
− 24) 𝑛 + (

8√30

11
+
√35

6
+
8√2

3
− 2√15 +

4√6

5
+
12√10

19
 

+
8√33

23
−
24√3

7
+
16√11

29
+
8√51

29
+
√195

7
−
80√13

29
−
4√221

15
         

+
16√15

31
+
32√17

33
−
192√2

17
−
48√34

35
−
20√130

23
+
6√13

11
+ 26).     

On simplifying the above expression we have the value of 𝐺𝐴5 index for rhombohedral 

bilayer germanium phosphide as, 

𝐺𝐴5(𝑅2𝐿𝐺𝑒𝑃3
𝑛) = 6𝑛2 + 7.6889𝑛 + 25.3640.                                                                          

Theorem: 6.3: For 𝑛 ≥ 3 the sansakruti index 𝑆(𝐺) for 𝑅2𝐿𝐺𝑒𝑃3
𝑛 is given by, 

𝑆(𝑅2𝐿𝐺𝑒𝑃3
𝑛 = 3004.732𝑛2 + 3573.621𝑛 − 7619.720                                                             . 

Proof: By applying the neighbourhood partition for rhombohedral bilayer germanium 

phosphide in Equation (4) we have, 

𝑆(𝑅2𝐿𝐺𝑒𝑃3
𝑛) = 2 × (

30

9
)
3

+ 2 × (
35

10
)
3

+ 4 × (
50

13
)
3

+ (4𝑛 − 8) × (
60

14
)
3

+ 2(
54

13
)
3

             

+2 × (
117

20
) + (2𝑛 − 4) (

60

14
)
3

+ 2(
160

24
)
3

+ (
54

13
)
3

+ 2𝑛 (
192

26
)
3

+ 2 (
81

16
)
33

 

+2(
135

22
)
3

+ 2(
90

17
)
3

+ 2(
195

26
)
3

+ 2(
84

17
)
3

+ (4𝑛 − 10) (
208

27
)
3

+ (2𝑛 − 4) 

(
221

28
)
3

+ 2 (
240

29
)
3

+ 2(
272

31
)
3

+ (5𝑛 − 10) (
288

32
)
3

+ (4𝑛 − 10) (
306

33
)
3

+ 

(3𝑛2 − 15𝑛 + 9) (
324

34
)
3

,                                                                         
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In simplifying the above expression we have, 

𝑆(𝑅2𝐿𝐺𝑒𝑃3
𝑛 = 3004.732𝑛2 + 3573.621𝑛 − 7619.720.                                                                   

Theorem: 6.4: For 𝑛 ≥ 3 the entropy of rhombohedral bilayer germanium phosphide  

( 𝑅2𝐿𝐺𝑒𝑃3
𝑛)  with 𝐴𝐵𝐶4 index is given by, 

𝐸𝑁𝑇𝐴𝐵𝐶4(𝑅2𝐿𝐺𝑒𝑃3
𝑛)

= log(1.943𝑛2 + 0.6052𝑛 + 5.7628) −
1

1.943𝑛2 + 0.6052𝑛 + 5.7628
 

× [0.093495𝑛2 + 0.128755𝑛 − 1.127757]. 

Proof: By using the neighbourhood partition for rhombohedral bilayer germanium phosphide 

in Equation (8) we have, 

𝐸𝑁𝑇𝐴𝐵𝐶4(𝑅2𝐿𝐺𝑒𝑃3
𝑛) = [log(𝐴𝐵𝐶4) −

1

(𝐴𝐵𝐶4)
] 𝑙𝑜𝑔

[
 
 
 
 
 

∏ (√
𝑁𝑢𝑖 +𝑁𝑣𝑖 − 2

𝑁𝑢𝑖 × 𝑁𝑣𝑖
)

𝑁(9,13)

√
𝑁𝑢𝑖+𝑁𝑣𝑖−2

𝑁𝑢𝑖×𝑁𝑣𝑖

 

+ ∏ (√
𝑁𝑢𝑖 +𝑁𝑣𝑖 − 2

𝑁𝑢𝑖 × 𝑁𝑣𝑖
)

𝑁(10,13)

√
𝑁𝑢𝑖+𝑁𝑣𝑖−2

𝑁𝑢𝑖×𝑁𝑣𝑖

+ ∏ (√
𝑁𝑢𝑖 +𝑁𝑣𝑖 − 2

𝑁𝑢𝑖 × 𝑁𝑣𝑖
)

𝑁(18,18)

√
𝑁𝑢𝑖+𝑁𝑣𝑖−2

𝑁𝑢𝑖×𝑁𝑣𝑖

 

+ ∏ (√
𝑁𝑢𝑖 +𝑁𝑣𝑖 − 2

𝑁𝑢𝑖 × 𝑁𝑣𝑖
)

𝑁(17,18)

√
𝑁𝑢𝑖+𝑁𝑣𝑖−2

𝑁𝑢𝑖×𝑁𝑣𝑖

+ ∏ (√
𝑁𝑢𝑖 +𝑁𝑣𝑖 − 2

𝑁𝑢𝑖 × 𝑁𝑣𝑖
)

𝑁(18,16)

√
𝑁𝑢𝑖+𝑁𝑣𝑖−2

𝑁𝑢𝑖×𝑁𝑣𝑖

 

+ ∏ (√
𝑁𝑢𝑖 +𝑁𝑣𝑖 − 2

𝑁𝑢𝑖 × 𝑁𝑣𝑖
)

𝑁(17,16)

√
𝑁𝑢𝑖+𝑁𝑣𝑖−2

𝑁𝑢𝑖×𝑁𝑣𝑖

+ ∏ (√
𝑁𝑢𝑖 +𝑁𝑣𝑖 − 2

𝑁𝑢𝑖 × 𝑁𝑣𝑖
)

𝑁(15,16)

√
𝑁𝑢𝑖+𝑁𝑣𝑖−2

𝑁𝑢𝑖×𝑁𝑣𝑖
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+ ∏ (√
𝑁𝑢𝑖 +𝑁𝑣𝑖 − 2

𝑁𝑢𝑖 × 𝑁𝑣𝑖
)

𝑁(13,17)

√
𝑁𝑢𝑖+𝑁𝑣𝑖−2

𝑁𝑢𝑖×𝑁𝑣𝑖

+ ∏ (√
𝑁𝑢𝑖 +𝑁𝑣𝑖 − 2

𝑁𝑢𝑖 × 𝑁𝑣𝑖
)

𝑁(13,16)

√
𝑁𝑢𝑖+𝑁𝑣𝑖−2

𝑁𝑢𝑖×𝑁𝑣𝑖

 

+ ∏ (√
𝑁𝑢𝑖 +𝑁𝑣𝑖 − 2

𝑁𝑢𝑖 × 𝑁𝑣𝑖
)

𝑁(13,15)

√
𝑁𝑢𝑖+𝑁𝑣𝑖−2

𝑁𝑢𝑖×𝑁𝑣𝑖

+ ∏ (√
𝑁𝑢𝑖 +𝑁𝑣𝑖 − 2

𝑁𝑢𝑖 × 𝑁𝑣𝑖
)

𝑁(12,17)

√
𝑁𝑢𝑖+𝑁𝑣𝑖−2

𝑁𝑢𝑖×𝑁𝑣𝑖

 

+ ∏ (√
𝑁𝑢 +𝑁𝑣 − 2

𝑁𝑢 × 𝑁𝑣
)

𝑁(9,15)

√
𝑁𝑢+𝑁𝑣−2
𝑁𝑢×𝑁𝑣

+ ∏ (√
𝑁𝑢 +𝑁𝑣 − 2

𝑁𝑢 × 𝑁𝑣
)

𝑁(11,16)

√
𝑁𝑢+𝑁𝑣−2
𝑁𝑢×𝑁𝑣

 

+ ∏ (√
𝑁𝑢𝑖 +𝑁𝑣𝑖 − 2

𝑁𝑢𝑖 × 𝑁𝑣𝑖
)

𝑁(12,16)

√
𝑁𝑢𝑖+𝑁𝑣𝑖−2

𝑁𝑢𝑖×𝑁𝑣𝑖

+ ∏ (√
𝑁𝑢𝑖 +𝑁𝑣𝑖 − 2

𝑁𝑢𝑖 × 𝑁𝑣𝑖
)

𝑁(10,16)

√
𝑁𝑢𝑖+𝑁𝑣𝑖−2

𝑁𝑢𝑖×𝑁𝑣𝑖

 

+ ∏ (√
𝑁𝑢𝑖 +𝑁𝑣𝑖 − 2

𝑁𝑢𝑖 × 𝑁𝑣𝑖
)

𝑁(10,12)

√
𝑁𝑢𝑖+𝑁𝑣𝑖−2

𝑁𝑢𝑖×𝑁𝑣𝑖

+ ∏ (√
𝑁𝑢𝑖 +𝑁𝑣𝑖 − 2

𝑁𝑢𝑖 × 𝑁𝑣𝑖
)

𝑁(11,12)

√
𝑁𝑢𝑖+𝑁𝑣𝑖−2

𝑁𝑢𝑖×𝑁𝑣𝑖

 

+ ∏ (√
𝑁𝑢𝑖 +𝑁𝑣𝑖 − 2

𝑁𝑢𝑖 × 𝑁𝑣𝑖
)

𝑁(7,12)

√
𝑁𝑢𝑖+𝑁𝑣𝑖−2

𝑁𝑢𝑖×𝑁𝑣𝑖

+ ∏ (√
𝑁𝑢𝑖 +𝑁𝑣𝑖 − 2

𝑁𝑢𝑖 × 𝑁𝑣𝑖
)

𝑁(9,10)

√
𝑁𝑢𝑖+𝑁𝑣𝑖−2

𝑁𝑢𝑖×𝑁𝑣𝑖

 

+ ∏ (√
𝑁𝑢𝑖 +𝑁𝑣𝑖 − 2

𝑁𝑢𝑖 × 𝑁𝑣𝑖
)

𝑁(9,9)

√
𝑁𝑢𝑖+𝑁𝑣𝑖−2

𝑁𝑢𝑖×𝑁𝑣𝑖

+ ∏ (√
𝑁𝑢𝑖 +𝑁𝑣𝑖 − 2

𝑁𝑢𝑖 × 𝑁𝑣𝑖
)

𝑁(6,9)

√
𝑁𝑢𝑖+𝑁𝑣𝑖−2

𝑁𝑢𝑖×𝑁𝑣𝑖

     

+ ∏ (√
𝑁𝑢𝑖 + 𝑁𝑣𝑖 − 2

𝑁𝑢𝑖 × 𝑁𝑣𝑖
)

𝑁(6,10)

√
𝑁𝑢𝑖+𝑁𝑣𝑖−2

𝑁𝑢𝑖×𝑁𝑣𝑖

+ ∏ (√
𝑁𝑢𝑖 +𝑁𝑣𝑖 − 2

𝑁𝑢𝑖 × 𝑁𝑣𝑖
)

𝑁(5,10)

√
𝑁𝑢𝑖+𝑁𝑣𝑖−2

𝑁𝑢𝑖×𝑁𝑣𝑖
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+ ∏ (√
𝑁𝑢𝑖 +𝑁𝑣𝑖 − 2

𝑁𝑢𝑖 × 𝑁𝑣𝑖
)

𝑁(5,7)

√
𝑁𝑢𝑖+𝑁𝑣𝑖−2

𝑁𝑢𝑖×𝑁𝑣𝑖

+ ∏ (√
𝑁𝑢𝑖 +𝑁𝑣𝑖 − 2

𝑁𝑢𝑖 × 𝑁𝑣𝑖
)

𝑁(5,6)

√
𝑁𝑢𝑖+𝑁𝑣𝑖−2

𝑁𝑢𝑖×𝑁𝑣𝑖

]
 
 
 
 
 

 ,  

𝐸𝑁𝑇𝐴𝐵𝐶4(𝑅2𝐿𝐺𝑒𝑃3
𝑛) = [log(𝐴𝐵𝐶4) −

1

(𝐴𝐵𝐶4)
] 𝑙𝑜𝑔

[
 
 
 
 

(2 × √
30

247
)

√ 30
247

× (2 × √
9

30
)

√ 9
30

 

× ((4𝑛 − 10) × √
21

130
)

√ 21
130

× ((4𝑛 − 8) × √
14

60
)

√14
60

(2 × √
10

35
)

√10
35

 

× ((6𝑛2 − 24𝑛 + 24) × √
34

324
)

√ 34
324

× ((4𝑛 − 8) × √
33

306
)

√ 33
306

        

× (2 × √
25

176
)

√ 25
176

× ((8𝑛 − 16) × √
22

288
)

√ 22
288

× (4 × √
31

272
)

√ 31
272

  

× (2 × √
17

91
)

√17
91

× (2 × √
27

204
)

√ 27
204

× ((2𝑛 − 4) × √
28

221
)

√ 29
240

          

× (2 × √
29

240
)

√ 29
240

× ((4𝑛 − 10) × √
27

208
)

√ 27
208

× (2 × √
23

135
)

√ 27
208

 

× ((4𝑛 − 6) × √
26

192
)

√ 26
192

× (2𝑛 × √
24

160
)

√ 24
160

× (2 × √
20

120
)

√ 20
120
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× (2 × √
17

190
)

√ 17
190

× (2 × √
16

81
)

√16
81

× (2 × √
13

54
)

√13
54

                        

× (2 × √
21

132
)

√ 21
132

× (2 × √
13

50
)

√13
50

]
 
 
 
 

  ,           

On putting the value of 𝐴𝐵𝐶4 index for rhombohedral bilayer germanium phosphide 

𝑅2𝐿𝐺𝑒𝑃3
𝑛 and simplifying the above expression we have entropy of rhombohedral bilayer 

germanium phosphide 𝑅2𝐿𝐺𝑒𝑃3
𝑛 with 𝐴𝐵𝐶4 index as, 

𝐸𝑁𝑇𝐴𝐵𝐶4(𝑅2𝐿𝐺𝑒𝑃3
𝑛)

= log(1.943𝑛2 + 0.6052𝑛 + 5.7628) −
1

1.943𝑛2 + 0.6052𝑛 + 5.7628
 

× [0.093495𝑛2 + 0.128755𝑛 − 1.127757]. 

Theorem: 6.5: For 𝑛 ≥ 3 the entropy of rhombohedral bilayer germanium phosphide  

( 𝑅2𝐿𝐺𝑒𝑃3
𝑛)  with 𝐴𝐵𝐶4 index is given by, 

𝐸𝑁𝑇𝐺𝐴5(𝑅2𝐿𝐺𝑒𝑃3
𝑛) = log(6𝑛2 + 7.6889𝑛 + 25.3640) −

1

6𝑛2 + 7.6889𝑛 + 25.3640
× 

[0.778151𝑛2 + 22.029503𝑛 − 6.940041]. 

Proof: By using the neighbourhood partition for triangular bilayer germanium phosphide in 

Equation (6) we have 

𝐸𝑁𝑇𝐺𝐴5(𝑅2𝐿𝐺𝑒𝑃3
𝑛) = [log(𝐺𝐴5) −

1

𝐺𝐴5
] 𝑙𝑜𝑔

[
 
 
 
 
 

∏ (
2√𝑁𝑢𝑖 × 𝑁𝑣𝑖
𝑁𝑢𝑖 + 𝑁𝑣𝑖

)

𝑁(5,6)

2√𝑁𝑢𝑖×𝑁𝑣𝑖

𝑁𝑢𝑖+𝑁𝑣𝑖
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× ∏ (
2√𝑁𝑢𝑖 × 𝑁𝑣𝑖
𝑁𝑢𝑖 +𝑁𝑣𝑖

)

𝑁(9,13)

2√𝑁𝑢𝑖×𝑁𝑣𝑖

𝑁𝑢𝑖+𝑁𝑣𝑖
× ∏ (

2√𝑁𝑢𝑖 × 𝑁𝑣𝑖
𝑁𝑢𝑖 +𝑁𝑣𝑖

)

𝑁(10,13)

2√𝑁𝑢𝑖×𝑁𝑣𝑖

𝑁𝑢𝑖+𝑁𝑣𝑖
 

× ∏ (
2√𝑁𝑢𝑖 × 𝑁𝑣𝑖
𝑁𝑢𝑖 +𝑁𝑣𝑖

)

𝑁(18,18)

2√𝑁𝑢𝑖×𝑁𝑣𝑖

𝑁𝑢𝑖+𝑁𝑣𝑖
× ∏ (

2√𝑁𝑢𝑖 × 𝑁𝑣𝑖
𝑁𝑢𝑖 +𝑁𝑣𝑖

)

𝑁(17,18)

2√𝑁𝑢𝑖×𝑁𝑣𝑖

𝑁𝑢𝑖+𝑁𝑣𝑖
 

× ∏ (
2√𝑁𝑢𝑖 × 𝑁𝑣𝑖
𝑁𝑢𝑖 +𝑁𝑣𝑖

)

𝑁(18,16)

2√𝑁𝑢𝑖×𝑁𝑣𝑖

𝑁𝑢𝑖+𝑁𝑣𝑖
× ∏ (

2√𝑁𝑢𝑖 × 𝑁𝑣𝑖
𝑁𝑢𝑖 + 𝑁𝑣𝑖

)

𝑁(5,7)

2√𝑁𝑢𝑖×𝑁𝑣𝑖

𝑁𝑢𝑖+𝑁𝑣𝑖
     

× ∏ (
2√𝑁𝑢𝑖 × 𝑁𝑣𝑖
𝑁𝑢𝑖 +𝑁𝑣𝑖

)

𝑁(17,16)

2√𝑁𝑢𝑖×𝑁𝑣𝑖

𝑁𝑢𝑖+𝑁𝑣𝑖
× ∏ (

2√𝑁𝑢𝑖 × 𝑁𝑣𝑖
𝑁𝑢𝑖 +𝑁𝑣𝑖

)

𝑁(15,16)

2√𝑁𝑢𝑖×𝑁𝑣𝑖

𝑁𝑢𝑖+𝑁𝑣𝑖
 

× ∏ (
2√𝑁𝑢𝑖 × 𝑁𝑣𝑖
𝑁𝑢𝑖 +𝑁𝑣𝑖

)

𝑁(17,13)

2√𝑁𝑢𝑖×𝑁𝑣𝑖

𝑁𝑢𝑖+𝑁𝑣𝑖
× ∏ (

2√𝑁𝑢𝑖 × 𝑁𝑣𝑖
𝑁𝑢𝑖 +𝑁𝑣𝑖

)

𝑁(16,13)

2√𝑁𝑢𝑖×𝑁𝑣𝑖

𝑁𝑢𝑖+𝑁𝑣𝑖
 

× ∏ (
2√𝑁𝑢𝑖 × 𝑁𝑣𝑖
𝑁𝑢𝑖 +𝑁𝑣𝑖

)

𝑁(15,13)

2√𝑁𝑢𝑖×𝑁𝑣𝑖

𝑁𝑢𝑖+𝑁𝑣𝑖
× ∏ (

2√𝑁𝑢𝑖 × 𝑁𝑣𝑖
𝑁𝑢𝑖 +𝑁𝑣𝑖

)

𝑁(12,17)

2√𝑁𝑢𝑖×𝑁𝑣𝑖

𝑁𝑢𝑖+𝑁𝑣𝑖
 

× ∏ (
2√𝑁𝑢𝑖 × 𝑁𝑣𝑖
𝑁𝑢𝑖 +𝑁𝑣𝑖

)

𝑁(9,15)

2√𝑁𝑢𝑖×𝑁𝑣𝑖

𝑁𝑢𝑖+𝑁𝑣𝑖
× ∏ (

2√𝑁𝑢𝑖 × 𝑁𝑣𝑖
𝑁𝑢𝑖 + 𝑁𝑣𝑖

)

𝑁(11,16)

2√𝑁𝑢𝑖×𝑁𝑣𝑖

𝑁𝑢𝑖+𝑁𝑣𝑖
  

× ∏ (
2√𝑁𝑢𝑖 × 𝑁𝑣𝑖
𝑁𝑢𝑖 +𝑁𝑣𝑖

)

𝑁(12,16)

2√𝑁𝑢𝑖×𝑁𝑣𝑖

𝑁𝑢𝑖+𝑁𝑣𝑖
× ∏ (

2√𝑁𝑢𝑖 × 𝑁𝑣𝑖
𝑁𝑢𝑖 +𝑁𝑣𝑖

)

𝑁(10,16)

2√𝑁𝑢𝑖×𝑁𝑣𝑖

𝑁𝑢𝑖+𝑁𝑣𝑖
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× ∏ (
2√𝑁𝑢𝑖 × 𝑁𝑣𝑖
𝑁𝑢𝑖 +𝑁𝑣𝑖

)

𝑁(10,12)

2√𝑁𝑢𝑖×𝑁𝑣𝑖

𝑁𝑢𝑖+𝑁𝑣𝑖
× ∏ (

2√𝑁𝑢𝑖 × 𝑁𝑣𝑖
𝑁𝑢𝑖 +𝑁𝑣𝑖

)

𝑁(11,12)

2√𝑁𝑢𝑖×𝑁𝑣𝑖

𝑁𝑢𝑖+𝑁𝑣𝑖
 

× ∏ (
2√𝑁𝑢𝑖 × 𝑁𝑣𝑖
𝑁𝑢𝑖 +𝑁𝑣𝑖

)

𝑁(7,12)

2√𝑁𝑢𝑖×𝑁𝑣𝑖

𝑁𝑢𝑖+𝑁𝑣𝑖
× ∏ (

2√𝑁𝑢𝑖 × 𝑁𝑣𝑖
𝑁𝑢𝑖 + 𝑁𝑣𝑖

)

𝑁(9,10)

2√𝑁𝑢𝑖×𝑁𝑣𝑖

𝑁𝑢𝑖+𝑁𝑣𝑖
    

× ∏ (
2√𝑁𝑢𝑖 × 𝑁𝑣𝑖
𝑁𝑢𝑖 +𝑁𝑣𝑖

)

𝑁(9,9)

2√𝑁𝑢𝑖×𝑁𝑣𝑖

𝑁𝑢𝑖+𝑁𝑣𝑖
× ∏ (

2√𝑁𝑢𝑖 × 𝑁𝑣𝑖
𝑁𝑢𝑖 +𝑁𝑣𝑖

)

𝑁(6,9)

2√𝑁𝑢𝑖×𝑁𝑣𝑖

𝑁𝑢𝑖+𝑁𝑣𝑖
      

× ∏ (
2√𝑁𝑢𝑖 × 𝑁𝑣𝑖
𝑁𝑢𝑖 +𝑁𝑣𝑖

)

𝑁(6,10)

2√𝑁𝑢𝑖×𝑁𝑣𝑖

𝑁𝑢𝑖+𝑁𝑣𝑖
× ∏ (

2√𝑁𝑢𝑖 × 𝑁𝑣𝑖
𝑁𝑢𝑖 + 𝑁𝑣𝑖

)

𝑁(5,10)

2√𝑁𝑢𝑖×𝑁𝑣𝑖

𝑁𝑢𝑖+𝑁𝑣𝑖

]
 
 
 
 
 

, 

𝐸𝑁𝑇𝐺𝐴5(𝑅2𝐿𝐺𝑒𝑃3
𝑛) = [log(𝐺𝐴5) −

1

𝐺𝐴5
] 𝑙𝑜𝑔 [(

2 × 2√30

11
)

2√30
11

×× (
2 × 2√35

12
)

2√35
12

            

× (
4 × 2√50

15
)

2√50
15

× (
(4𝑛 − 8) × 2√160

16
)

2√160
16

× (
2 × 2√54

15
)

2√54
15

 

× (
2 × 2√81

18
)

2√81
18

× (
2 × 2√90

19
)

2√90
19

× (
2 × 2√84

19
)

2√84
19

                   

× (
(4𝑛 − 10) × 2√208

29
)

2√208
29

× (
(4𝑛 − 6) × 2√192

28
)

2√192
28
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× (
2 × 2√132

23
)

2√132
23

× (
2 × 2√195

28
)

2√195
28

× (
2 × 2√120

22
)

2√120
22

    

× (
2 × 2√176

27
)

2√176
27

× (
2 × 2√135

24
)

2√135
24

× (
2𝑛 × 2√160

26
)

2√160
26

 

× (
2 × 2√240

31
)

2√240
31

× (
4 × 2√272

33
)

2√272
33

× (
2 × 2√204

29
)

2√204
29

    

× (
(4𝑛 − 10) × 2√130

23
)

2√130
26

× (
(2𝑛 − 4) × 2√221

30
)

2√221
30

            

 × (
(6𝑛2 − 24𝑛 + 24) × 2√324

36
)

2√324
36

× (
(8𝑛 − 16) × 2√288

34
)

2√288
34

 

        × (
(4𝑛 − 8) × 2√306

35
)

2√306
35

× (
2 × 2√117

22
)

2√117
22

], 

On putting the value of 𝐺𝐴5 index for rhombohedral bilayer germanium phosphide 𝑅2𝐿𝐺𝑒𝑃3
𝑛 

and simplifying the above expression we have entropy of rhombohedral bilayer germanium 

phosphide 𝑅2𝐿𝐺𝑒𝑃3
𝑛 with 𝐺𝐴5 index as, 

𝐸𝑁𝑇𝐺𝐴5(𝑅2𝐿𝐺𝑒𝑃3
𝑛) = log(6𝑛2 + 7.6889𝑛 + 25.3640) −

1

6𝑛2 + 7.6889𝑛 + 25.3640
× 

[0.778151𝑛2 + 22.029503𝑛 − 6.940041]. 

Theorem: 6.6: For 𝑛 ≥ 3 the entropy of rhombohedral bilayer germanium phosphide  

( 𝑅2𝐿𝐺𝑒𝑃3
𝑛)  with Sanskruti  index is given by 

𝐸𝑁𝑇𝑆(𝑅2𝐿𝐺𝑒𝑃3
𝑛) = log(3005𝑛2 + 3574𝑛 − 7620) −

1

3005𝑛2 + 3574𝑛 − 7620
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×[2654.200𝑛2 + 5734.910𝑛 + 95.646783]. 

Proof: By using the neighbourhood partition for rhombohedral bilayer germanium phosphide 

in Equation (8) we have, 

𝐸𝑁𝑇𝑆(𝑅2𝐿𝐺𝑒𝑃3
𝑛) = [log(𝑆) −

1

𝑆
] 𝑙𝑜𝑔

[
 
 
 
 

∏ ((
𝑁𝑢𝑖 × 𝑁𝑣𝑖

𝑁𝑢𝑖 +𝑁𝑣𝑖 − 2
)

3

)

((
𝑁𝑢𝑖×𝑁𝑣𝑖
𝑁𝑢𝑖+𝑁𝑣𝑖−2

))

3

𝑁(5,6)

                       

× ∏ ((
𝑁𝑢𝑖 × 𝑁𝑣𝑖

𝑁𝑢𝑖 +𝑁𝑣𝑖 − 2
)

3

)

((
𝑁𝑢𝑖×𝑁𝑣𝑖
𝑁𝑢𝑖+𝑁𝑣𝑖−2

))

3

𝑁(5,7)

× ∏ ((
𝑁𝑢𝑖 × 𝑁𝑣𝑖

𝑁𝑢𝑖 +𝑁𝑣𝑖 − 2
)

3

)

((
𝑁𝑢𝑖×𝑁𝑣𝑖
𝑁𝑢𝑖+𝑁𝑣𝑖−2

))

3

𝑁(10,6)

 

× ∏ ((
𝑁𝑢𝑖 × 𝑁𝑣𝑖

𝑁𝑢𝑖 + 𝑁𝑣𝑖 − 2
)

3

)

((
𝑁𝑢𝑖×𝑁𝑣𝑖
𝑁𝑢𝑖+𝑁𝑣𝑖−2

))

3

𝑁(6,9)

× ∏ ((
𝑁𝑢𝑖 × 𝑁𝑣𝑖

𝑁𝑢𝑖 +𝑁𝑣𝑖 − 2
)

3

)

((
𝑁𝑢𝑖×𝑁𝑣𝑖
𝑁𝑢𝑖+𝑁𝑣𝑖−2

))

3

𝑁(9,9)

 

× ∏ ((
𝑁𝑢𝑖 × 𝑁𝑣𝑖

𝑁𝑢𝑖 +𝑁𝑣𝑖 − 2
)

3

)

((
𝑁𝑢𝑖×𝑁𝑣𝑖
𝑁𝑢𝑖+𝑁𝑣𝑖−2

))

3

𝑁(9,10)

× ∏ ((
𝑁𝑢𝑖 × 𝑁𝑣𝑖

𝑁𝑢𝑖 +𝑁𝑣𝑖 − 2
)

3

)

((
𝑁𝑢𝑖×𝑁𝑣𝑖
𝑁𝑢𝑖+𝑁𝑣𝑖−2

))

3

𝑁(12,7)

 

× ∏ ((
𝑁𝑢𝑖 × 𝑁𝑣𝑖

𝑁𝑢𝑖 +𝑁𝑣𝑖 − 2
)

3

)

((
𝑁𝑢𝑖×𝑁𝑣𝑖
𝑁𝑢𝑖+𝑁𝑣𝑖−2

))

3

𝑁(12,11)

× ∏ ((
𝑁𝑢𝑖 × 𝑁𝑣𝑖

𝑁𝑢𝑖 +𝑁𝑣𝑖 − 2
)

3

)

((
𝑁𝑢𝑖×𝑁𝑣𝑖
𝑁𝑢𝑖+𝑁𝑣𝑖−2

))

3

𝑁(10,12)

 

× ∏ ((
𝑁𝑢𝑖 × 𝑁𝑣𝑖

𝑁𝑢𝑖 +𝑁𝑣𝑖 − 2
)

3

)

((
𝑁𝑢𝑖×𝑁𝑣𝑖
𝑁𝑢𝑖+𝑁𝑣𝑖−2

))

3

𝑁(10,16)

× ∏ ((
𝑁𝑢𝑖 × 𝑁𝑣𝑖

𝑁𝑢𝑖 +𝑁𝑣𝑖 − 2
)

3

)

((
𝑁𝑢𝑖×𝑁𝑣𝑖
𝑁𝑢𝑖+𝑁𝑣𝑖−2

))

3

𝑁(12,16)

 

× ∏ ((
𝑁𝑢𝑖 × 𝑁𝑣𝑖

𝑁𝑢𝑖 +𝑁𝑣𝑖 − 2
)

3

)

((
𝑁𝑢𝑖×𝑁𝑣𝑖
𝑁𝑢𝑖+𝑁𝑣𝑖−2

))

3

𝑁(11,16)

× ∏ ((
𝑁𝑢𝑖 × 𝑁𝑣𝑖

𝑁𝑢𝑖 +𝑁𝑣𝑖 − 2
)

3

)

((
𝑁𝑢𝑖×𝑁𝑣𝑖
𝑁𝑢𝑖+𝑁𝑣𝑖−2

))

3

𝑁(9,15)
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× ∏ ((
𝑁𝑢𝑖 × 𝑁𝑣𝑖

𝑁𝑢𝑖 +𝑁𝑣𝑖 − 2
)

3

)

((
𝑁𝑢𝑖×𝑁𝑣𝑖
𝑁𝑢𝑖+𝑁𝑣𝑖−2

))

3

𝑁(12,7)

× ∏ ((
𝑁𝑢𝑖 × 𝑁𝑣𝑖

𝑁𝑢𝑖 +𝑁𝑣𝑖 − 2
)

3

)

((
𝑁𝑢𝑖×𝑁𝑣𝑖
𝑁𝑢𝑖+𝑁𝑣𝑖−2

))

3

𝑁(13,15)

 

× ∏ ((
𝑁𝑢𝑖 × 𝑁𝑣𝑖

𝑁𝑢𝑖 +𝑁𝑣𝑖 − 2
)

3

)

((
𝑁𝑢𝑖×𝑁𝑣𝑖
𝑁𝑢𝑖+𝑁𝑣𝑖−2

))

3

𝑁(13,16)

× ∏ ((
𝑁𝑢𝑖 × 𝑁𝑣𝑖

𝑁𝑢𝑖 +𝑁𝑣𝑖 − 2
)

3

)

((
𝑁𝑢𝑖×𝑁𝑣𝑖
𝑁𝑢𝑖+𝑁𝑣𝑖−2

))

3

𝑁(13,17)

 

× ∏ ((
𝑁𝑢𝑖 × 𝑁𝑣𝑖

𝑁𝑢𝑖 +𝑁𝑣𝑖 − 2
)

3

)

((
𝑁𝑢𝑖×𝑁𝑣𝑖
𝑁𝑢𝑖+𝑁𝑣𝑖−2

))

3

𝑁(15,17)

× ∏ ((
𝑁𝑢𝑖 × 𝑁𝑣𝑖

𝑁𝑢𝑖 +𝑁𝑣𝑖 − 2
)

3

)

((
𝑁𝑢𝑖×𝑁𝑣𝑖
𝑁𝑢𝑖+𝑁𝑣𝑖−2

))

3

𝑁(16,17)

 

× ∏ ((
𝑁𝑢𝑖 × 𝑁𝑣𝑖

𝑁𝑢𝑖 +𝑁𝑣𝑖 − 2
)

3

)

((
𝑁𝑢𝑖×𝑁𝑣𝑖
𝑁𝑢𝑖+𝑁𝑣𝑖−2

))

3

𝑁(18,16)

× ∏ ((
𝑁𝑢𝑖 × 𝑁𝑣𝑖

𝑁𝑢𝑖 +𝑁𝑣𝑖 − 2
)

3

)

((
𝑁𝑢𝑖×𝑁𝑣𝑖
𝑁𝑢𝑖+𝑁𝑣𝑖−2

))

3

𝑁(18,17)

 

× ∏ ((
𝑁𝑢𝑖 × 𝑁𝑣𝑖

𝑁𝑢𝑖 +𝑁𝑣𝑖 − 2
)

3

)

((
𝑁𝑢𝑖×𝑁𝑣𝑖
𝑁𝑢𝑖+𝑁𝑣𝑖−2

))

3

𝑁(18,18)

× ∏ ((
𝑁𝑢𝑖 × 𝑁𝑣𝑖

𝑁𝑢𝑖 +𝑁𝑣𝑖 − 2
)

3

)

((
𝑁𝑢𝑖×𝑁𝑣𝑖
𝑁𝑢𝑖+𝑁𝑣𝑖−2

))

3

𝑁(10,13)

 

             × ∏ ((
𝑁𝑢𝑖 × 𝑁𝑣𝑖

𝑁𝑢𝑖 +𝑁𝑣𝑖 − 2
)

3

)

((
𝑁𝑢𝑖×𝑁𝑣𝑖
𝑁𝑢𝑖+𝑁𝑣𝑖−2

))

3

𝑁(9,13)

     

]
 
 
 
 

, 

𝐸𝑁𝑇𝑆(𝑅2𝐿𝐺𝑒𝑃3
𝑛) = [log(𝑆) −

1

𝑆
] 𝑙𝑜𝑔 [(2 × (

30

9
)
3

)

(
30
9
)
3

× (2 × (
35

10
)
3

)

(
35
10
)
3

                          

× (4 × (
50

13
)
3

)

(
50
13
)
3

× ((4𝑛 − 8) × (
160

14
)
3

)

(
160
14

)
3

× (2 × (
54

13
)
3

)

(
54
13
)
3

 

× (4 × (
81

17
)
3

)

(
81
17
)
3

× (2 × (
132

23
)
3

)

(
132
23

)
3

× (2 × (
120

20
)
3

)

(
120
20

)
3
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× (2𝑛 × (
160

24
)
3

)

(
160
24

)
3

× ((4𝑛 − 6) × (
192

26
)
3

)

(
192
26

)
3

                              

× (2 × (
135

22
)
3

)

(
135
25

)
3

× (2 × (
204

27
)
3

)

(
204
27

)
3

× (2 × (
195

26
)
3

)

(
195
26

)
3

    

× ((4𝑛 − 10) × (
208

27
)
3

)

(
208
27

)
3

× ((2𝑛 − 4) × (
221

28
)
3

)

(
221
28

)
3

               

× (2 × (
272

31
)
3

)

(
272
31

)
3

× ((8𝑛 − 16) × (
288

32
)
3

)

(
288
32

)
3

                             

× ((4𝑛 − 8) × (
306

33
)
3

)

(
306
33

)
3

× ((6𝑛2 − 24𝑛 + 24) × (
324

34
)
3

)

(
324
34

)
3

 

× (2 × (
240

29
)
3

)

(
240
29

)
3

× (2 × (
176

25
)
3

)

(
176
25

)
3

                                               

             × ((4𝑛 − 10) × (
130

21
)
3

)

(
130
21

)
3

× (2 × (
117

20
)
3

)

(
117
20

)
3

], 

On putting the value of the sanskruti index for rhombohedral bilayer germanium phosphide 

𝑅2𝐿𝐺𝑒𝑃3
𝑛 and simplifying the above expression we have entropy of rhombohedral bilayer 

germanium phosphide 𝑅2𝐿𝐺𝑒𝑃3
𝑛 with the sanskruti index as, 

𝑁𝑇𝑆(𝑅2𝐿𝐺𝑒𝑃3
𝑛) = log(3005𝑛2 + 3574𝑛 − 7620) −

1

3005𝑛2 + 3574𝑛 − 7620
 

×[2654.200𝑛2 + 5734.910𝑛 + 95.646783]. 

7. Comparison of Topological Indices and Entropies 

This section presents four succinct and informative tables. Tables 1 and 3 show the numerical 

values of topological indices (𝐴𝐵𝐶4, 𝐺𝐴5, and Sansakruti index) for triangular and 
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rhombohedral bilayer germanium phosphide respectively, at different values of n. The values 

of these indices increase with increasing n, indicating a growth in the complexity and 

connectivity of the structures. 

 Tables 2 and 4 show the numerical values of entropies concerning these topological indices 

for both structures. The entropy values also increase with increasing n, suggesting a higher 

degree of disorder or randomness in the structures as n increases. The calculated topological 

indices and entropies for triangular and rhombohedral bilayer germanium phosphide reveal a 

consistent trend of increasing values with increasing n. This suggests that both structures 

exhibit growing complexity, connectivity, and disorder as the number of layers (n) increases.  

The increasing entropy values indicate a higher degree of randomness in the structures, which 

may have implications for their physical and chemical properties. These findings provide 

valuable insights into the structural properties of these materials and can inform future 

research in materials science and nanotechnology. 

 

Table: 1 Variation of n in 𝑨𝑩𝑪𝟒, 𝑮𝑨𝟓 & Sanskruti index for triangular bilayer 

germanium phosphide 𝑻𝟐𝑳𝑮𝒆𝑷𝟑
𝒏. 

 

n 𝑬𝑵𝑻(𝑻𝟐) 𝑨𝑩𝑪𝟒 𝑬𝑵𝑻(𝑻𝟐) 𝑮𝑨𝟓  𝑬𝑵𝑻(𝑻𝟐) 𝑺 

3 19.063 52.640 20885.803 

4 29.071 81.947 37384.786 

5 41.042 117.258 59073.327 

6 54.973 158.570 85952.593 

7 70.862 205.833 118023.159 

8 88.711 259.198 155285.335 

9 108.516 318.513 197739.302 

10 130.279 383.829 245385.170 

n 𝑨𝑩𝑪𝟒 Index 𝑮𝑨𝟓 Index Sanskruti Index 

3 19.359 55.724 21041.06 

4 29.396 82.043 37532.11 

5 41.389 117.361 59215.16 

6 55.337 158.680 86090.21 

7 71.241 205.999 118157.26 

8 89.100 259.317 155416.31 

9 108.915 318.636 197867.36 

10 130.686 383.955 245510.41 
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Table: 2 Variation of n in entropies with𝑨𝑩𝑪𝟒, 𝑮𝑨𝟓 & Sanskruti index for triangular 

bilayer germanium phosphide𝑻𝟐𝑳𝑮𝒆𝑷𝟑
𝒏. 

Table: 3 Variation of n in 𝑨𝑩𝑪𝟒, 𝑮𝑨𝟓 & Sanskruti index for rhombohedral bilayer 

germanium phosphide 𝑹𝟐𝑳𝑮𝒆𝑷𝟑
𝒏. 

n 𝑬𝑵𝑻(𝑹𝟐) 𝑨𝑩𝑪𝟒 𝑬𝑵𝑻(𝑹𝟐) 𝑮𝑨𝟓 𝑬𝑵𝑻(𝑹𝟐) 𝑺 

3 25.063 101.784 30146 

4 39.250 151.504 54754 

5 57.332 213.234 85374 

6 79.304 286.964 122003 

7 105.165 372.689 164642 

8 134.913 470.409 213291 

9 168.547 580.125 267950 

10 206.068 701.838 4328619 

Table: 4 Variation of n in entropies with𝑨𝑩𝑪𝟒, 𝑮𝑨𝟓 & Sanskruti index for 

rhombohedral bilayer germanium phosphide𝑹𝟐𝑳𝑮𝒆𝑷𝟑
𝒏. 

7. Graphical Representation 

This section features a meticulously crafted visual representation, designed for precision and 

clarity, to underscore our in-depth exploration of entropy via various topological indices. 

n 𝑨𝑩𝑪𝟒 Index 𝑮𝑨𝟓 Index Sanskruti Index 

3 25.066 102.42 30141.33 

4 39.271 152.11 54745.92 

5 57.363 213.80 85359.25 

6 79.342 287.48 121981.32 

7 105.206 373.17 164612.80 

8 134.956 470.87 213225.24 

9 168.592 580.56 267866.86 

10 206.114 702.253 328516.49 
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Every data point and curve in these visuals stems from a thorough examination, reflecting the 

depth and insights garnered during our investigative journey. Our goal with these illustrations 

is to offer readers a clear and quick understanding of our comprehensive exploration of the 

intricacies of topological indices and entropy. 

 

8. Concluding Remarks and Future Investigations 

In conclusion, our comprehensive analysis of neighborhood degree-based topological indices 

and entropies has revealed insightful patterns and relationships. Our findings demonstrate the 

potential of these mathematical constructs in capturing the particulars of complex systems. 

The entropies associated with these indices further underscore the importance of considering 

both structural and informational aspects. We have studied the topological diversity in 

triangular and rhombohedral phases of bilayer germanium phosphide and also its entropic 

nature. Also we have analyzed our finding through numerical tables and graphical 

representation. It has been observed that steadily increase in complexity make this material 

suitable for sustainable material productions.  

Our work contributes to the ongoing effort to bridge the gap between mathematical theory 

and practical applications. Future research directions include investigating the applicability of 

these topological indices and entropies in materials science, nanotechnology, and other 

domains, as well as exploring the potential of machine learning algorithms in predicting 

properties and behaviour based on these mathematical constructs.  

Additionally, extending this research to other neighbourhood degree-based topological 

indices and entropies will further elucidate their relationships and implications. Developing 

new mathematical tools and techniques will also be crucial in better capturing the complexity 

of real-world systems. Finally, collaborating with experimentalists will be essential in 

validating theoretical predictions and exploring potential practical applications, paving the 

way for ground-breaking discoveries and innovations in various fields. 
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