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Abstract 

Nanofluids have found extensive industrial, engineering, and medical applications due to 

their increased heat transfer rate. A three-dimensional (3D) incompressible flow on rotating 

exponentially stretching surfaces was investigated for the water base fluid and aluminum oxide 

(Al₂O₃) nanoparticle. This study can be considered a novel analysis as it explores the effects of 

inter-particle spacing and nanoparticle radius on entropy generation, velocity, temperature, 

skin friction, Nusselt number (Nu), and Bejan number (Be) for an exponentially stretching 

flow. Partial differential equations (PDEs) are obtained using continuity, momentum, and 

energy equations. They are converted into three coupled ordinary differential equations (ODEs) 

by applying appropriate transformations. Numerical results and graphs are obtained using the 

bvp4c algorithm in MATLAB software. According to the results, the entropy generation rate 

decreases with increasing inter-particle spacing and increases with increasing nanoparticle 

radius. A comparison between the graphs demonstrates that the effect of inter-particle spacing 

and nanoparticle radius on Be is opposite to that of entropy generation. The entropy generation 

rate increases with increasing Ec. Moreover, Nu increases with increasing inter-particle spacing 

and decreases with increasing nanoparticle radius. As λ increases, temperature and entropy 

increase, and Be decreases. 
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Introduction 

Nowadays, it is widely acknowledged that thermal conductivity and other rheological 

properties of fluids can be increased by adding nanoparticles. Nanofluids have replaced 

ordinary fluids in most industrial applications and have dramatically altered their dynamics. 

Adding nanoparticles to fluids has led to reduced energy consumption and increased equipment 

lifespan. Nanofluids have found many applications in various fields, including engineering, 

space technologies, microelectronics, chillers, hybrid power engines, metallurgical industries, 

drug delivery, nuclear reactor coolants, heat exchangers, and cancer therapy. Many researchers 

have examined the thermophysical properties and characteristics of nanofluids in the last few 

decades from both conceptual and experimental perspectives. 

The original concept of thermal efficiency-increasing nanoparticles was first introduced by 

Choi [1]. Junaid et al. [2] investigated the rotating nanofluid flow passing through a heated 

deformable surface. The base fluid was water, and the studied nanoparticles were copper oxide 

(CuO), copper (Cu), and silver (Ag). Governing differential equations were formulated 

nonlinearly, and the equations were solved using the 4th-order Runge-Kutta (RK4) method. 

Calculations indicated a direct relationship between skin friction and nanoparticle solid volume 

fraction. In addition, surface heat transfer rate was found to be an increasing function of 

nanoparticle solid volume fraction. Mustafa et al. [3] studied a 3D nanofluid flow over a 

linearly stretching surface with thermal radiation for water base fluid and Fe3O4 nanoparticles. 

Mustafa et al. [4] performed a numerical study on partial slip effects on magnetohydrodynamic 

(MHD) nanofluid flow near a stretchable rotating disk. Furthermore, the equations were 

simulated using the bvp4c technique. Shah et al. [5] analyzed the simultaneous magnetic and 

electric currents for nanofluid using the homotopy analysis method (HAM) solution between 

two rotating plates. Jyothi et al. [6] simulated the boundary layer flow and explored the slip 

effects for both stable and unstable states on stretching surfaces for the Au nanoparticle and 

kerosene base fluid. Ahmad et al. [7] surveyed the entropy generation for a nanofluid flow 

between two parallel plates for five different nanoparticles. Gholinia et al. [8] conducted a 

numerical simulation of fluid flow on a stretching cylinder for CNTs/C2H6O2 hybrid nanofluid 

based on water base fluid in the presence of a magnetic field. Gholinia et al. [9] simulated a 

hybrid nanofluid flow on a cylinder with a sinusoidal radius using Akbari-Ganji's method 

(AGM) numerical method. Hayat et al. [10] investigated the flow over a rotating disk in the 

presence of thermal radiation for a nanofluid. For this purpose, the effect of Cu and Ag 
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nanoparticles on the thermal conductivity of the fluid was examined, and the entropy 

generation rate was calculated for different variables. Hayat et al. [11] studied a comparative 

model for a two-dimensional (2D) steady-state flow on stretchable curved surfaces. Hussain et 

al. [12] inspected a rotating nanofluid flow on a linearly stretching surface with partial slip. 

Hussain et al. [13] researched a 3D flow in the presence of a nonlinearly stretching magnetic 

field for water [base] nanofluid and zinc (Zn) and titanium oxide (TiO2) nanoparticles. PDEs 

were converted into coupled ODEs by applying appropriate transformations. In addition, 

numerical results were obtained using the bvp4c algorithm in MATLAB software. Arshad et 

al. [14] looked into Brownian motion and thermophoresis effects for a 3D flow in the presence 

of a magnetic field. Ramzan et al. [15] examined a hybrid nanofluid flow between two parallel 

plates with convective boundary conditions. Hussain et al. [16] carried out a mathematical 

analysis of hybrid mediated blood flow in stenosis narrow arteries. Ramzan et al. [17] simulated 

the effect of inter-particle spacing and nanoparticle radius for a rotating disk flow on velocity, 

temperature, and Nusselt number (Nu), in the presence of a magnetic field. Studies have shown 

that the heat transfer rate of nanofluids is much higher than that of base fluids. Other studies 

have recently been conducted on nanofluids [18-24]. 

Incompressible fluid flow on rotating exponentially stretching surfaces has found many 

applications in engineering and industrial processes. Among the applications of boundary layer 

flow on stretched surfaces with linear and exponential functions in technical and engineering 

fields are aerodynamics, plastic sheet extrusion, food processing, glass fiber production, 

synthetic fibers, hot rolling, and stator/rotor parts. In each of the abovementioned cases, 

stretching velocity and heat transfer directly affect product quality and final shape. Many 

studies have been conducted on stretching surface flow [25-33]. 

Khan et al. [34] explored a 3D flow on a nonlinearly stretching sheet. The results indicated 

direct Brownian motion effects on temperature and heat transfer. Ahmed et al. [35] studied a 

nanofluid flow model with Cu, CuO, TiO2, and aluminum oxide (Al₂O₃) nanoparticles on 

stretching surfaces with convective boundary conditions. The findings indicated the relative 

superiority of Al₂O₃ nanoparticles in heat transfer rate. Mushtaq et al. [36] explored the effects 

of velocity, temperature, and heat transfer rate on a rotating exponentially stretching plate. The 

results showed that nanofluid volume fraction is a key parameter in heat transfer rate. Hayat et 

al. [37] simulated a 3D incompressible second-grade nanofluid flow in the presence of a 

magnetic field. To this end, they analyzed velocity, temperature, skin friction, and Nu. 

According to the analysis, the temperature increased with increasing the magnetic parameter. 

Afridi et al. [38] examined a comparative model for nanofluid and hybrid nanofluid flowing 

over an exponentially stretching surface and entropy generation. Hussain et al. [39] performed 
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a numerical study on a hybrid nanofluid with CuO and TiO2 nanoparticles over rotating 

exponentially stretching surfaces. Hussain et al. [40] analyzed a 3D rotating flow with slip 

boundary condition on exponentially stretching surfaces with Ag and CuO nanoparticles based 

on water base fluid. 

The review of the above studies demonstrated that the effects of inter-particle spacing and 

nanoparticle radius in base fluid on entropy generation, velocity, temperature, Nu, and Bejan 

number (Be) in rotating flow with exponential stretching have not been examined yet. 

Moreover, considering the aforementioned applications for nanofluid flow over stretching 

surfaces, this research explored the effect of a 3D incompressible flow on a rotating 

exponentially stretching surface. Numerical results were obtained using the bvp4c algorithm 

in MATLAB software. According to the analysis, the entropy generation, temperature, skin 

friction, Nu, and Be graphs are highly dependent on essential parameters, including 

nanoparticle radius, inter-particle spacing, rotation, stretching, and Eckert number (Ec). 

Mathematical model  

Consider the steady, incompressible, three-dimensional and rotatig flow of dissipative nano 

fluid over an exponentially stretching surface, as depicted in Figure 1. The surface is extended 

in the x-direction, and the nanofluid flow is considered in the plane z > 0. The components of 

velocity along the x, y, and z axes are represented by u, v, and w respectively. The surface is 

stretched with an exponential function with velocity 𝑢𝑤 and 𝑣𝑤. T is the tempruture, and 𝑇∞ it 

the free stream tempreature. Whole system rotates along 𝑧 − 𝑎𝑥𝑖𝑠 with angular velocity ω.  

Consider Water (𝐻2𝑂) act as a base liquid while 𝐴𝑙2𝑂3 as nanoparticle. The governing three- 

dimensional equations in the boundary layer flow are: 

 Continuity equations 

(1) 
 𝜕𝑢

𝜕𝑥
+

𝜕𝑢

𝜕𝑦
+

𝜕𝑢

𝜕𝑧
= 0 

Momentum eguations 

(2) 
 

𝜌𝑛𝑓 (𝑢
𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
+ 𝑤

𝜕𝑢

𝜕𝑧
) − 2ω𝑣 = 𝜇𝑛𝑓 (

𝜕2𝑢

𝜕𝑧2
) 

energy equations 
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(3) 
 

𝜌𝑛𝑓 (𝑢
𝜕𝑣

𝜕𝑥
+ 𝑣

𝜕𝑣

𝜕𝑦
+ 𝑤

𝜕𝑣

𝜕𝑧
) + 2ω𝑢 = 𝜇𝑛𝑓 (

𝜕2𝑣

𝜕𝑧2
) 

(4) 

 
(𝜌𝑐𝑝)𝑛𝑓

(𝑢
𝜕𝑇

𝜕𝑥
+ 𝑣

𝜕𝑇

𝜕𝑦
+ 𝑤

𝜕𝑇

𝜕𝑧
) 

 

 

       = 𝑘𝑛𝑓 (
𝜕2𝑇

𝜕𝑧2
) + 𝜇𝑛𝑓 [(

𝜕𝑢

𝜕𝑧
)
2

+ (
𝜕𝑣

𝜕𝑧
)
2

] 

Boundary conditions are as follows: 

5) 

 u = 𝑢𝑤 ,         v = 𝑣𝑤,       w = 0, 

 

      𝑇 = 𝑇𝑤,             𝑎𝑡  𝑧 = 0  

(6)  𝑢 → 0,             𝑣 → 0,               𝑇 → 𝑇∞,           𝑎𝑠     𝑧 → ∞ 

 

 

 

 

 

 

 

 

 

The schematic diagram of the problem figure(1) 
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figure(2) flow chart of problem and method of solution 

 

Theromophysical properties of nanofluid 

This section introduces the thermophysical properties of Al2O3-H2O nanofluid. Graham [41] 

and Gosukonda et al. [42] calculated the viscosity as follows: 

(7) 

 
𝜇𝑛𝑓

𝜇𝑓
= 1 + 2.5∆ + 4.5

[
 
 
 
 

1

ℎ
𝑅𝑝

(2 +
ℎ
𝑅𝑝

) (1 +
ℎ
𝑅𝑝

)
2

]
 
 
 
 

 

where h, Rp, and ∆ represent inter-particle spacing, nanoparticle radius, and solid volume 

fraction (SVF), respectively. 

(8)  𝜌𝑛𝑓 = (1 − ∆)𝜌𝑓 + ∆𝜌𝐴𝑙2𝑂3
 

(9)  (𝜌𝐶𝑝)𝑛𝑓
= (1 − ∆)(𝜌𝐶𝑝)𝑓 + ∆(𝜌𝐶𝑝)𝐴𝑙2𝑂3

 

(10) 
 𝑘𝑛𝑓

𝑘𝑓
=

𝑘𝐴𝑙2𝑂3
+ 2𝑘𝑓 − 2∆(𝑘𝑓 − 𝑘𝐴𝑙2𝑂3

)

𝑘𝐴𝑙2𝑂3
+ 2𝑘𝑓 + ∆(𝑘𝑓 − 𝑘𝐴𝑙2𝑂3

)
 

where 𝜌𝑛𝑓, (𝜌𝐶𝑝)𝑛𝑓
, and 𝑘𝑛𝑓 denote the density, specific heat capacity, and thermal 
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conductivity of the nanofluid. Thermophysical properties of base the fluid and solid 

nanoparticle are shown in Table 1.   

Table 1: Thermophysical properties of base the fluid and solid nanoparticle[17] 

Nano particle(𝐴𝑙2𝑂3) Bace fluid(𝐻2𝑂) property 

765 4179 𝐶𝑝(𝐽 𝑘𝑔𝐾⁄ ) 

40 0.613 𝑘(𝑊 𝑚𝐾⁄ ) 

3970 997.1 𝜌(𝑘𝑔 𝑚3⁄ ) 

- 7 Pr 

 

The dimensionless quantities are 

(11)  
𝑢𝑤 = 𝑢0𝑒

𝑥+𝑦
𝐿        , 𝑣𝑤 = 𝑣0𝑒

𝑥+𝑦
𝐿      , 𝑇𝑤 = 𝑇∞ + 𝑇0𝑒

2(𝑥+𝑦)
𝐿  

Appropriate similarity transformations are as follows: 

(12) 

 
        𝑢 = 𝑢0𝑒

𝑥+𝑦
𝐿 𝑓´(𝜂)  , 𝑣 = 𝑣0𝑒

𝑥+𝑦
𝐿 𝑔´(𝜂) 

 

𝑤 = −(
𝜐𝑢0

2𝐿
) 𝑒

(𝑥+𝑦)
2𝐿 [𝑓(𝜂) + 𝑔(𝜂) + 𝑓´(𝜂) + 𝑔´(𝜂)] 

   𝑇 = 𝑇∞ + 𝑇0𝑒
2(𝑥+𝑦)

𝐿  𝜃(𝜂)  , 𝜂 = 𝑧 (
𝑢0

2𝜐𝐿
)

1
2
𝑒

(𝑥+𝑦)
2𝐿  

The continuity equation is satisfied by appropriate similarity transformations. Besides, the 

momentum and energy equations are simplified as follows: 

(13) 

 
(
𝜇𝑛𝑓

𝜇𝑓
)(

𝜌𝑓

𝜌𝑛𝑓
)  𝑓´´´ +  𝑓´´(𝑓 + 𝑔) − 2𝑓´(𝑓´ + 𝑔´) + 4𝜆𝑔´

= 0 
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(14) 

 
(
𝜇𝑛𝑓

𝜇𝑓
)(

𝜌𝑓

𝜌𝑛𝑓
)  𝑔´´´ +  𝑔´´(𝑓 + 𝑔) − 2𝑓´(𝑓´ + 𝑔´) − 4𝜆𝑓´

= 0 

(15) 

 
(
𝑘𝑛𝑓

𝑘𝑓
) (

(𝜌𝐶𝑝)𝑓

(𝜌𝐶𝑝)𝑛𝑓
)  𝜃´´ +  𝑃𝑟𝜃´(𝑓 + 𝑔) − 4𝑃𝑟𝜃(𝑓´ + 𝑔´) 

           +𝐸𝑐𝑃𝑟 (
𝜇𝑛𝑓

𝜇𝑓
)(

(𝜌𝐶𝑝)𝑓

(𝜌𝐶𝑝)𝑛𝑓
) (𝑓´´2 + 𝑔´´2) = 0 

(16) 
 𝑓(0) = 0,   𝑔(0) = 0,      𝑓´(0) = 1,    𝑔´(0) = 𝛽 

 𝜃(0) = 1      𝑎𝑡 𝜂 = 0 

(17)  𝑓´ → 0,      𝑔´ → 0,      𝜃 → 0,      𝑎𝑠 𝜂 → ∞ 

(18) 
 

𝑃𝑟 =  
𝜐𝑓

𝛼
, 𝛽 =

𝑣0

𝑢0
, 𝐸𝑐 =  

𝑢𝑤
2

(𝐶𝑝)𝑓𝑇0
 , 𝜆 =  

𝜔𝐿

𝑢0
               

In addition, skin friction and Nu are calculated as follows: 

(19) 

 𝐶𝑓𝑥 =
𝜏𝑤𝑥

1
2𝜌𝑓𝑢𝑤

2
 ,   𝐶𝑓𝑦 =

𝜏𝑤𝑦

1
2𝜌𝑓𝑢𝑤

2
,   𝑁𝑢𝑥 =

𝑥𝑞𝑤

𝑘𝑓(𝑇𝑤 − 𝑇∞)
  

 

The wall shear stresses 𝜏𝑤𝑥, 𝜏𝑤𝑦 and heat flux 𝑞𝑤 expressions are 

(20) 

 
𝜏𝑤𝑥 = 𝜇𝑛𝑓 (

𝜕𝑢

𝜕𝑧
)
𝑧=0

 , 𝜏𝑤𝑦 = 𝜇𝑛𝑓 (
𝜕𝑣

𝜕𝑧
)
𝑧=0

  

𝑞𝑤 = 𝑘𝑛𝑓 (
𝜕𝑇

𝜕𝑧
)
𝑧=0

 

 

Now, using Eqs. (12) and (20) in (19), we get 

(21) 

 1

√2
𝐶𝑓𝑥 𝑅𝑒𝑥

1
2 = 

1

(1 − ∆)2.5
 𝑓´´(0) 

 
1

√2
𝐶𝑓𝑦 𝑅𝑒𝑥

1
2 = 

1

(1 − ∆)2.5
 𝑔´´(0)    
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 √2
𝐿

𝑥
𝑁𝑢𝑥𝑅𝑒𝑥

−
1
2 =  −

𝑘𝑛𝑓

𝑘𝑓
 𝜃´(0) 

Entropy formulation 

Afridi et al. [38] calculated the entropy generation rate as: 

(22) 

 
Ṡ𝐺𝑒𝑛
´´´ =

𝑘𝑛𝑓

𝑇2
(
𝜕𝑇

𝜕𝑧
)
2

+
𝜇𝑛𝑓

𝑇
[(

𝜕𝑢

𝜕𝑧
)
2

+ (
𝜕𝑣

𝜕𝑧
)
2

] 

(23) 
 

(Ṡ𝐺𝑒𝑛
´´´ )0 =

𝑘𝑓𝑢𝑤

2𝑣𝑓𝐿
 

The entropy generation rate is calculated using Eqs. (22) and (23) as well as similarity               

transformations: 

(24) 

 
Ns =

Ṡ𝐺𝑒𝑛
´´´

(Ṡ𝐺𝑒𝑛
´´´ )0

= (
𝑘𝑛𝑓

𝑘𝑓
) 

𝜃´2

(𝜃 +  Ω)2
 

 

 

         + (
𝜇𝑛𝑓

𝜇𝑓
)

𝐸𝑐𝑃𝑟

(𝜃 +  Ω)
(𝑓´´2 + 𝑔´´2) 

where Ω = 𝑇∞ (𝑇𝑤 − 𝑇∞)⁄  denotes the temperature difference. 

Be (irreversibility parameter) can be defined as follows: 

(25) 

 𝐵𝑒

=
(𝑘𝑛𝑓 𝑇2⁄ )(𝜕𝑇 𝜕𝑦⁄ )2 

(𝑘𝑛𝑓 𝑇2⁄ )(𝜕𝑇 𝜕𝑦⁄ )2 + (𝜇𝑛𝑓 𝑇⁄ )[(𝜕𝑢 𝜕𝑧⁄ )2 + (𝜕𝑣 𝜕𝑧⁄ )2] 
 

Be is calculated using similarity transformations as: 

(26) 

 Be = 𝑘𝑛𝑓(𝜇𝑓 𝜇𝑛𝑓⁄ )𝜃´2  

 

         /(𝑘𝑛𝑓(𝜇𝑓 𝜇𝑛𝑓⁄ )𝜃´2 + 𝐸𝑐𝑃𝑟𝑘𝑓(𝜃 +  Ω)(𝑓´´2 + 𝑔´´2)) 
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Numerical approach 

The transformed ordinary differential Eqs. (13)-(15) are solved numerically by using the 

MATLAB bvp4c algorithm. The highly non-linear Eqs. (13)-(15) are transformed into first-

order ODEs using a new set of variables. Figure 2 shows a graphical representation of the entire 

algorithm. Following this, suitable initial guesses are selected to satisfy the boundary 

conditions. A convergence criterion of 10^ (-6) is set for the obtained solution. The following 

are the new variables. Figure 3 shows a Flow chart of the numerical solution method. The bvp-

4c algorithm is a numerical code for solving a set of differential equations in Matlab software. 

 

Figure 3. Flow chart for bvp-4c 

(27) 

 𝑦1 = 𝑓,       𝑦2 = 𝑓´,         𝑦3 = 𝑓´´,       𝑦3´ = 𝑓´´´, 

𝑦4 = 𝑔,       𝑦5 = 𝑔´,         𝑦6 = 𝑔´´,       𝑦6´ = 𝑔´´´,  

𝑦7 = 𝜃,       𝑦8 = 𝜃´,          𝑦8´ = 𝜃´´,  

A new set of variables are difined as follows in MATLAB to obtain the numerical solution. 

(28) 
 𝑦1´ = 𝑦2 

(29) 
 𝑦2´ = 𝑦3 

(30) 

 
𝑦3´ = (

𝜇𝑓

𝜇𝑛𝑓
) (

𝜌𝑛𝑓

𝜌𝑓
) [2 𝑦2( 𝑦2 + 𝑦5) − 𝑦3( 𝑦1 + 𝑦4)

− 4𝜆𝑦5 ] 
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(31)  𝑦4´ = 𝑦5 

(32)   𝑦5´ = 𝑦6 

(33) 

 
𝑦6´ = (

𝜇𝑓

𝜇𝑛𝑓
)(

𝜌𝑛𝑓

𝜌𝑓
) [2 𝑦5( 𝑦2 + 𝑦5) − 𝑦6( 𝑦1 + 𝑦4)

+ 4𝜆𝑦2 ] 

(34)  𝑦7´ = 𝑦8 

(35) 

 
𝑦8´ = 𝑃𝑟 (

𝑘𝑓

𝑘𝑛𝑓
)(

(𝜌𝐶𝑝)𝑛𝑓

(𝜌𝐶𝑝)𝑓
) [4𝑦7( 𝑦2 + 𝑦5)

− 𝑦8( 𝑦1 + 𝑦4)

− 𝐸𝑐 (
𝜇𝑛𝑓

𝜇𝑓
)(

(𝜌𝐶𝑝)𝑓

(𝜌𝐶𝑝)𝑛𝑓
) ( 𝑦3

2 + 𝑦6
2) ] 

 

The transformed boundary conditions changed in to the subsequent form: 

(36) 
 𝑦1(𝑎) = 0,   𝑦2(𝑎) = 1,    𝑦4(𝑎) = 0,    𝑦5(𝑎) = 𝛽,    𝑦7(𝑎)

= 1  

(37)  𝑦2(𝑏) = 0,   𝑦5(𝑏) = 0,    𝑦4(𝑏) = 0 

 

The skin friction and Nusselt number changed into the following form: 

(38) 

 1

√2
𝐶𝑓𝑥 𝑅𝑒𝑥

1
2 = 

1

(1 − ∆)2.5
 𝑦3(0) 

 
1

√2
𝐶𝑓𝑦 𝑅𝑒𝑥

1
2 = 

1

(1 − ∆)2.5
 𝑦6(0)    

 √2
𝐿

𝑥
𝑁𝑢𝑥𝑅𝑒𝑥

−
1
2 =  −

𝑘𝑛𝑓

𝑘𝑓
 𝑦8(0) 

Also Be number and Ns with transformation becomes 
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(39) 

 
Ns = (

𝑘𝑛𝑓

𝑘𝑓
) 

𝑦8
2

(𝑦7 +  Ω)2
 

 

 

         + (
𝜇𝑛𝑓

𝜇𝑓
)

𝐸𝑐𝑃𝑟

(𝑦7 +  Ω)
(𝑦3

2 + 𝑦6
2) 

(40) 

 Be = 𝑘𝑛𝑓(𝜇𝑓 𝜇𝑛𝑓⁄ )𝑦8
2  

 

         /(𝑘𝑛𝑓(𝜇𝑓 𝜇𝑛𝑓⁄ )𝑦8
2 + 𝐸𝑐𝑃𝑟𝑘𝑓(𝑦7 +  Ω)(𝑦3

2 + 𝑦6
2)) 

Analysis of Results 

This section demonstrates the parameters of the velocity components 𝑓´(𝜂) (axial velocity), 

𝑔´(𝜂) (transverse velocity), temperature distribution 𝜃(𝜂), entropy generation, Be, skin 

friction, and Nu in different graphs, and discusses in detail their changes with respect to 

different parameters. Table 2 presents the results of a numerical comparison between −𝑓´´(0) 

and −𝑔´´(0) parameters using the bvp4c and shooting techniques. The results obtained from 

both methods are in good agreement, confirming the numerical method used. 

Table 2: Comparison of the numerical results of −𝑓´´(0)  𝑎𝑛𝑑 − 𝑔´´(0) for different 

values of  𝛽 

Shooting Bvp4c  

−𝑔´´(0) −𝑓´´(0) −𝑔´´(0) −𝑓´´(0) 𝛽 

0.48977 1.14942 0.48978 1.14941 0.3 

0.91498 1.24930 0.91498 1.24930 0.6 

1.41081 1.34052 1.41080 1.34053 0.9 

 

Fig. 4 explores the effect of β on 𝑓´(𝜂) for both h=0.5 and h=1.5 states. As can be seen, 

𝑓´(𝜂) decreases with increasing β for both h=0.5 and h=1.5 states, which can be justified by 

the value of 𝛽 =
𝑣0

𝑢0
. According to this equation, the velocity in the x-direction (horizontal 

velocity) decreases as β increases. Also, 𝑓´(𝜂) decreases for higher h values.The effect of β on 

𝑓´(𝜂) for both Rp=1 and Rp=2 states is displayed in Fig. 5. As can be seen, for both  Rp=1 and  

Rp=2 states, 𝑓´(𝜂) decreases with increasing β and increases for higher Rp values.Fig. 6 

represents the effect of Rp on 𝑓´(𝜂) for both h=0.5 and h=1.5 states. As can be seen, for both 
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h=0.5 and h=1.5 states, 𝑓´(𝜂) increases with increasing Rp and decreases for higher h values. 

Fig. 7 plots the effect of β on 𝑔´(𝜂) for both h=0.5 and h=1.5 states. As can be seen, 𝑔´(𝜂) 

increases with increasing β for both h=0.5 and h=1.5 states, which can be justified by the value 

of 𝛽 =
𝑣0

𝑢0
. According to this equation, the velocity in the y-direction (vertical velocity) 

increases with increasing β. Also, 𝑔´(𝜂) decreases for higher h values. The effect of β on 𝑔´(𝜂) 

for both Rp=1 and Rp=2 states is showed in Fig. 8  . As can be seen, for both Rp=1 and Rp=2 

states, 𝑔´(𝜂) increases with increasing β and increases for higher Rp values. Fig. 9 displays the 

effect of Rp on 𝑔´(𝜂) for both h=0.5 and h=1.5 states. As can be seen, for both h=0.5 and h=1.5 

states, 𝑔´(𝜂) increases with increasing Rp and decreases for higher h values. 

 

figure(4) Influence of 𝛽 on the velocity 𝑓´(𝜂) when ℎ = 0.5 𝑎𝑛𝑑 ℎ = 1.5 

 

figure(5) Influence of 𝛽 on the velocity 𝑓´(𝜂) when 𝑅𝑝 = 1 𝑎𝑛𝑑 𝑅𝑝 = 2 
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figure(6) Influence of 𝑅𝑝 on the velocity 𝑓´(𝜂) when ℎ = 0.5 𝑎𝑛𝑑 ℎ = 1.5 

 

figure(7) Influence of 𝛽 on the velocity 𝑔´(𝜂) when ℎ = 0.5 𝑎𝑛𝑑 ℎ = 1.5 

 

figure(8) Influence of 𝛽 on the velocity 𝑔´(𝜂) when 𝑅𝑝 = 1 𝑎𝑛𝑑 𝑅𝑝 = 2 
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figure(9) Influence of 𝑅𝑝 on the velocity 𝑔´(𝜂) when ℎ = 0.5 𝑎𝑛𝑑 ℎ = 1.5 

Fig. 10 investigate the effect of Rp on 𝜃(𝜂) for both h=0.5 and h=1.5 states. As can be seen, 

for both h=0.5 and h=1.5 states, 𝜃(𝜂) increases with increasing Rp and decreases for higher h 

values. According to the above graph, the highest and lowest 𝜃(𝜂) are obtained when Rp=2 

and h=0.5 and Rp=1 and h=1.5, respectively. This indicates the highest temperature for higher 

nanoparticle radius and lower inter-particle spacing, and the lowest temperature for lower 

nanoparticle radius and higher inter-particle spacing. Physically, when the distance between 

the nanoparticles is small and the radius of the nanoparticles is large, there is more 

intermolecular collision, which results in an increase in temperature. The effect of λ on 𝜃(𝜂) 

for both Ec=0.5 and Ec=1 states is explored in Fig. 11. As can be seen, for both Ec=0.5 and 

Ec=1 states, 𝜃(𝜂) increases with increasing λ and for higher Ec values. The scientific reason 

behind this analysis is that heat transfer increases with increasing Ec, resulting in increased 

thermal boundary layer thickness and temperature. An increase in the Eckert number means an 

increase in kinetic energy and, as a result, an increase in thermal energy. 

 

figure(10) Influence of 𝑅𝑝 on the temperature  𝜃(𝜂) when ℎ = 0.5 𝑎𝑛𝑑 ℎ = 1.5 
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   figure(11) Influence of 𝐸𝑐 on the temperature 𝜃(𝜂) when 𝐸𝑐 = 0.5 𝑎𝑛𝑑 𝐸𝑐 = 1 

Fig. 12 indicates the effect of Ec on Ns for both h=0.5 and h=1.5 states. As can be seen, the 

entropy generation rate increases with increasing Ec for both h=0.5 and h=1.5 states. The 

scientific reason behind this analysis is that heat transfer increases with increasing Ec, leading 

to a higher entropy generation rate. Moreover, the entropy generation rate decreases with 

increasing inter-particle spacing. This indicates the highest entropy generation rate for higher 

Ec and lower inter-particle spacing and the lowest entropy generation rate for lower Ec and 

higher inter-particle spacing. As the Eckert number increases, the kinetic energy of the 

nanofluid increases, and as a result, the thermal energy increases and finally the entropy 

increases. When the distance between the nanoparticles is small, the intermolecular collision 

and friction are more, resulting in more entropy. 

Fig. 13 illustrates the effect of Ec on Ns for both Rp=1 and Rp=2 states. As can be seen, the 

entropy generation rate increases with increasing Ec for both Rp=1 and Rp=2 states. The 

scientific reason behind this analysis is that heat transfer increases with increasing Ec, leading 

to a higher entropy generation rate. Besides, the entropy generation rate increases with 

increasing nanoparticle radius. This indicates the highest entropy generation rate for higher Ec 

and nanoparticle radius and the lowest entropy generation rate for lower Ec and nanoparticle 

radius. When the radius of nanoparticles is large. More intermolecular collisions and friction 

result in more entropy generation. The effect of Rp on Ns for both h=0.5 and h=1.5 states is 

discussed in Fig. 14 . As can be seen, for both h=0.5 and h=1.5 states, the entropy generation 

rate increases with increasing Rp and decreases with increasing inter-particle spacing. This 

indicates the highest entropy generation rate for higher nanoparticle radius and lower inter-

particle spacing, and the lowest entropy generation rate for lower nanoparticle radius and 

higher inter-particle spacing. Physically, when the distance between the nanoparticles is small 

and the radius of the nanoparticles is large, there is more intermolecular collision, which results 
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in an increase in entropy generation. Fig. 15 investigate the effect of β on Ns for both h=0.5 

and h=1.5 states. As can be seen, for both h=0.5 and h=1.5 states, the entropy generation rate 

increases with increasing β and decreases with increasing the inter-particle spacing. To reduce 

the entropy, the stretching parameter should be reduced and the distance between the 

nanoparticles should be increased. Fig. 16 is organized to describe the effect of λ on Ns for 

both Rp=1 and Rp=2 states. As can be seen, the entropy generation rate increases with 

increasing λ for both Rp=1 and Rp=2 states. As the rotation parameter increases, irreversibility 

increases and thus entropy generation increases. 

The effect of λ on Ns for both Ec=0.5 and Ec=1 states is depicted in Fig. 17. As can be seen, 

for both Ec=0.5 and Ec=1 states, the entropy generation rate increases with increasing λ and 

Ec. The highest entropy production occurs for higher Eckert number and rotation parameter. 

Physically, both have an increasing role in entropy generation. Fig. 18 explores the effect of Ω 

on Ns for both Rp=1 and Rp=2 states. As can be seen, for both Rp=1 and Rp=2 states, the entropy 

generation rate decreases with increasing Ω and increases with increasing the nanoparticle 

radius. 

 

figure(12) Influence of 𝐸𝑐 on the temperature 𝑁𝑠 when ℎ = 0.5 𝑎𝑛𝑑 ℎ = 1.5 
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figure(13) Influence of 𝐸𝑐 on the temperature 𝑁𝑠 when 𝑅𝑝 = 1 𝑎𝑛𝑑 𝑅𝑝 = 2 

 

figure(14) Influence of 𝑅𝑝 on the temperature 𝑁𝑠 when ℎ = 0.5 𝑎𝑛𝑑 ℎ = 1.5 

 

figure(15) Influence of 𝛽 on the temperature 𝑁𝑠 when ℎ = 0.5 𝑎𝑛𝑑 ℎ = 1.5 
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figure(16) Influence of 𝜆 on the temperature 𝑁𝑠 when 𝑅𝑝 = 1 𝑎𝑛𝑑 𝑅𝑝 = 2 

 

figure(17) Influence of 𝜆 on the temperature 𝑁𝑠 when 𝐸𝑐 = 0.5 𝑎𝑛𝑑 𝐸𝑐 = 1 

 

figure(18) Influence of Ω on the temperature 𝑁𝑠 when 𝑅𝑝 = 1 𝑎𝑛𝑑 𝑅𝑝 = 2 
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Fig. 19 represents the effect of Ec on Be for both h=0.5 and h=1.5 states. As can be seen, 

for both h=0.5 and h=1.5 states, Be decreases with increasing Ec and increases with increasing 

the inter-particle spacing. The reduced Be indicates a lower contribution of heat transfer in 

entropy generation compared to fluid friction. The effect of Rp on Be for both h=0.5 and h=1.5 

states is displayed in Fig. 20. As can be seen, for both h=0.5 and h=1.5 states, Be decreases 

with increasing Rp and increases with increasing the inter-particle spacing. Physically, when 

the distance between the nanoparticles is large and the radius of the nanoparticles is small. The 

contribution of friction in   the entropy generation decreases and as a result the Bejan number 

increases . Fig. 21 portrays the effect of β on Be for both Rp=1 and Rp=2 states. As can be seen, 

for both Rp=1 and Rp=2 states, Be decreases with increasing β and nanoparticle radius. To 

increase the Bejan number, the stretching parameter and the radius of the nanoparticles should 

be reduced. The reason for this increase, is the decrease in entropy generated by nanofluid 

friction. Fig. 22 describes the effect of λ on Be for both Ec=0.5 and Ec=1 states. As can be seen, 

for both Ec=0.5 and Ec=1 states, Be decreases with increasing λ and Ec. The effect of Ω on Be 

for both Rp=1 and Rp=2 states is analyzed in Fig. 23 . As can be seen, for both Rp=1 and Rp=2 

states, Be decreases with increasing Ω and nanoparticle radius. 

 

figure(19) Influence of 𝐸𝑐 on the temperature 𝐵𝑒 when ℎ = 0.5 𝑎𝑛𝑑 ℎ = 1.5 
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figure(20) Influence of 𝑅𝑝 on the temperature 𝐵𝑒 when ℎ = 0.5 𝑎𝑛𝑑 ℎ = 1.5 

 

figure(21) Influence of 𝛽 on the velocity 𝐵𝑒 when 𝑅𝑝 = 1 𝑎𝑛𝑑 𝑅𝑝 = 2 

 

figure(22) Influence of 𝜆 on the temperature 𝐵𝑒 when 𝐸𝑐 = 0.5 𝑎𝑛𝑑 𝐸𝑐 = 1 
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figure(23) Influence of Ω on the 𝐵𝑒 when 𝑅𝑝 = 1 𝑎𝑛𝑑 𝑅𝑝 = 2 

Conclusions 

This research discussed a rotating 3D flow on an exponentially stretching surface for the 

Al2O3-H2O nanofluid. For this purpose, the velocity, temperature, skin friction, Nu, entropy, 

and Be graphs were compared for different states. 

The results of the main analysis can be summarized as follows: 

1) In exploring the effect of β for both h=0.5 and h=1.5 states, 𝑓´(𝜂) decreased and 𝑔´(𝜂) 

increased with increasing β and for higher h values. 

2) In exploring the effect of β for both Rp=1 and Rp=2 states, 𝑓´(𝜂) decreased and 𝑔´(𝜂) 

increased with increasing β, while 𝑓´(𝜂) and 𝑔´(𝜂) increased for higher Rp values. 

3) In exploring the effect of Rp for both h=0.5 and h=1.5 states, 𝑓´(𝜂) and 𝑔´(𝜂) increased 

with increasing Rp, while they decreased for higher h values. 

4) The highest temperature was obtained for higher nanoparticle radius and lower inter-

particle spacing, while the lowest temperature was obtained for lower nanoparticle radius and 

higher inter-particle spacing. 

5) For both h=0.5 and h=1.5 states, the entropy generation rate increased with increasing 

Ec, whereas it decreased with increasing the inter-particle spacing. 

6) For both Rp=1 and Rp=2 states, the entropy generation rate increased with increasing Ec 

and nanoparticle radius. 
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7) Temperature and entropy generation increased and Be decreased with increasing λ. 

8) The highest entropy generation rate was obtained for higher nanoparticle radius and lower 

inter-particle spacing, while the lowest entropy generation rate was obtained for lower 

nanoparticle radius and higher inter-particle spacing. 

9) Be increased with increasing the inter-particle spacing, while it decreased with increasing 

the nanoparticle radius. 

10) For both h=0.5 and h=1.5 states, Cfx and Cfy increased with increasing Rp and decreased 

with increasing h. 

11) For both h=0.5 and h=1.5 states, Nux decreased with increasing β and nanoparticle 

radius, while it increased with increasing the inter-particle spacing. 
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